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Abstract. A set of orthonormalized and complete functions of two real variables in complex
representation involving Laguerre polynomials as a substantial part is introduced and is referred
to as the set of Laguerre two-dimensional (2D) functions. The properties of the set of
Laguerre 2D-functions are discussed and the Fourier and Radon transforms of these functions are
calculated. The Laguerre 2D-functions form a basis for a realization of the five-dimensional Lie
algebra to the Heisenberg—Weyl grouf(2, R) for a two-mode system. Real representation of

this set of functions by a sum over products of Hermite functions involving Jacobi polynomials at
the zero argument as coefficients is derived and it leads to new connections between Laguerre and
Hermite polynomials in both directions. The set of Laguerre 2D-functions is the most appropriate
set of functions for the Fock-state representation of quasi-probabilities in quantum optics. The
Wigner quasi-probability in Fock-state representation is up to a factor and an argument scaling
directly given for each matrix element by a corresponding Laguerre 2D-function. The properties
of orthonormality and completeness of the Laguerre 2D-functions provide the Fock-state matrix
elements of the density operator directly from the quasi-probabilities. ThimaP&liSta
representation of the Glauber—Sudarshan quasi-probability can be represented with advantage
by the Laguerre 2D-functions. The Fock-state matrix elements of the displacement operator and
the scalar product of displaced Fock states are closely related to Laguerre 2D-functions.

1. Introduction

We investigate in this paper a two-dimensional (2D) orthonormalized and complete set of
functionsl,, ,,(z, z*) in representation by complex variables= x +iy, z* = x —iy) which
involves the Laguerre polynomials) (1) as a substantial part and which we call the set of
Laguerre 2D-functions. This is contrary to one-dimensional (1D) sets of Laguerre functions
IY(u) = (€'u’n!/(n + v))Y2L"(u) which are orthonormalized on the positive axis with
regard to the indices, and withv as fixed parameters. The set of Laguerre 2D-functions
was shortly introduced and discussed in [1]. This set of functions is analogous to the 1D
orthonormalized and complete set of Hermite functiépéx) which involve the Hermite
polynomials H,(x) as a substantial part. It is the most appropriate set of functions for
the quasi-probabilities in Fock-state representation, in particular, for the Wigner quasi-
probability [2,3]. We think that the set of Laguerre 2D-functions is appropriate for many
problems with functions of two variables due to its completeness, orthonormality and also
in classical optics for the representation of Gaussian waves in paraxial approximation. This
justifies its introduction and detailed investigation. Contrary to the 2D orthonormalized and

1 E-mail adress: alfred.wuensche@physik.hu-berlin.de
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complete set of functions,, (x)h,(y) which is most appropriate in Cartesian coordinates,
the set of Laguerre 2D-functiors , (z, z*) is more appropriate for use in polar coordinates.

In the present paper we calculate the Fourier and the Radon transform [4-6] of the
set of Laguerre 2D-functions (section 4). The Fourier transform of these functions are
again Laguerre 2D-functions. This is very similar to the Hermite functions. The Radon
transform of these functions possess the structure of products of two Hermite functions
with corresponding indices combined with simple angle functions. In section 5, we
derive differential equations for the set of Laguerre 2D-functions which show that they
are eigensolutions of the Hamilton operator for a 2D degenerate harmonic oscillator.
The Laguerre 2D-functions form a basis for a realization of the 5D Lie algebra to the
Heisenberg—Weyl grougV (2, R) [7,8] for a two-mode system and we introduce two
annihilation and two creation operators in this realization which act in a simple way onto the
Laguerre D-functions. In section 6, we make the transition in the Laguerre 2D-functions to
a representation by real variables. We obtain a representation by superposition of products of
Hermite functions with Jacobi polynomials taken at the zero argument as coefficients. The
connection between the complex and the real representation of the Laguerre 2D-functions
leads us to a new identity which, up to now, is only contained in table monographs
for the special case of Laguerre polynomidls(x? + y?) [9] but not for the associated
Laguerre polynomials. The inversion of these relations is also obtained. In section 7,
we discuss application of the Laguerre 2D-functions in quantum optics to the Fock-state
representation of the quasi-probabilities. In particular, the Wigner quasi-probability in Fock-
state representation is up to a factor and to an argument scaling directly given by the
whole set of Laguerre 2D-functions with the Fock-state matrix elements as coefficients.
The orthonormality and completeness of the Laguerre 2D-functions provides immediately
the inversion of the Fock-state matrix elements expressed by the quasi-probabilities. The
relation of Laguerre 2D-functions to Hermite functions leads to a new representation of
guasi-probabilities. In section 8, we discuss the meaning of the Radon transform of the
Wigner quasi-probability which is the main object of quantum tomography [10]. In section 9,
we show that the Laguerre 2D-functions are closely related to the Fock-state matrix elements
of the displacement operatd¥(«, a*) of the Heisenberg—Weyl groufy' (1, R) [3, 8] and to
the scalar product of displaced Fock states. In the appendices we present the calculation
of the Radon transform of the Laguerre 2D-functions and give the derivation of relations
between real and complex representation of power functions and their inversion involving
Jacobi polynomials at zero argument which is applied in section 6.

2. Hermite functions and their application to Fock states

In contrast to Hermite polynomial&l, (x) (Chebyshev 1859, Hermite 1864), the notion
of Hermite functions is not often used and is unstable. We introduce it here for a set
of orthonormalized functiong, (x), (n = 0,1, 2,...) which are the eigenfunctions of the
harmonic oscillator in the following way

() = — S W =012 2.1
n(x)=mexp 5 \/?n' () n=01¢.... (2.1)

These functions are closely related to the functions of the parabolic cylibder by
D,(v/2x) = nY4/n! h,(x). There is an analogy to the functions which we introduce and
investigate in the next sections, however, we will consider here the properties of Hermite
functions and some applications in quantum optics. As mentioned, the Hermite functions
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are orthonormalized and they are complete in the following way

+o00 0
dx i () (X) = Sn Y ha(Dha(y) = 8(x — ). (2.2)
- n=0
The Fourier transforma(u) of the Hermite functions are again Hermite functions according
to
" +00
h,(u) = dx exp(—iux)h,(x) = v/ 2w (—i)"h,(u). (2.3)
The Hermite functions form a basis in an infinite-dimensional Hilbert sgdcen the
realization of this Hilbert space by functions of one variable which is identical with the space
L, of square-integrable functions. The Hermite functions satisfy the following eigenvalue

equation
1/, 92 B 1
é (x — W) hn(x) = <7’L + E) hn(x) (24)

that is, the eigenvalue equation for an harmonic oscillator.

The importance of Hermite functions in quantum optics is connected with the property
to be the wavefunctions of the eigenstates of the number operattyr eigenvalues:
that means of the Fock statgs in the position and momentum representation as follows
(7 Planck’s constant divided byr)

1 q (=D)" p
vig) = (qln) = ]/—mhn <—) v (p) = (pln) = ]/_l]_Thn <—>

Vi Vi
+00 +00
| wv@w@r=[ “dvmwenr =1 (25)
We now introduce the rotation operat8y) by (note p, a'] = 1,[Q, P] = ikl)
R(p) = expliga‘a) a= Q\;%_P al = Q\/_EI_P (2.6)

and define the rotated canonical operat@sy), P(¢)) by
Q(p) = R(p) Q(R(p))' = 0 cosp + P sing
P(¢) = R(p)P(R(p))! = —Q sing + P cosy. 2.7)

The eigenstategy; ¢) of the rotated canonical operat®(¢) to real eigenvalueg can be
related to the eigenstatég) of Q to eigenvalueg in the following way

Q(p)lg: ¢) = qlq; ¢) Qlg) = qlq) lg: ¢) = R(p)lq). (2.8)
As a generalization of (2.5), we find the expressionqfe|n) by Hermite functions

; e—ingo q
(q; ¢ln) = (ql(R(¢))'In) = Whn ) (2.9)

The probability densitiegq; ¢lolg; ¢) in Fock-state representation take on the form

(a: plola: @) =YY (g; plm)(mloln)(nlg; ¢)
m=0 n=0

— %ﬁ i i(m|g|n) d—mep (%) h, (%) . (2.10)

m=0 n=0
They are closely related to the Radon transform of the Wigner quasi-probability (section 5).
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In the 2D case, one can take the products of Hermite functions
R (X, y) = By ()R, () m,n=2012... (2.11)

as an orthonormalized and complete set of functions. They satisfy the eigenvalue equation
for a 2D degenerate harmonic oscillator

1/, 9 , 92
5 <x T ax2 +y = 92 hnwOh,(y) = (m+n+1) h,(X)h,(y). (2.12)
In comparison to the Laguerre 2D-functions which we define in the next section, the
functionsh,, (x)h,(y) could be called Hermite 2D-functions. More general complete sets of
functions in the 2D case can be formed by means of the two-variable Hermite polynomials
[9,12-14] as the substantial part.

3. Definition of Laguerre 2D-functions

One substantial part of the Laguerre 2D-functions which we will define are Laguerre
polynomials L, (u) (Laguerre 1878) which we use in the convention of [9]. We write
this definition of Laguerre polynomials here in the following form with complex variables
z andz*

{m.n) mln!

—c) i = _ .\ m—ngym—n ﬁ
,;j!(m—j)!(n_j)!( )/ "M = pl(—c)" " "L (c)

— m'( C)l‘ﬂ *n—ﬂlL:ln—lTl (i) (31)

c

which is near to the form used in most cases. Note that different definitions of the Laguerre
polynomials were used, in particular, before the 1960s. The Laguerre polynomials are the
special casd.) (1) = ((n + v)!/(n!v!)) 1F1(—n, v + 1; u) of the confluent hypergeometric
function 1 F1(a, b; u).

We now define the following set of Laguerre 2D-functidps, (z, z*) [1]

(_1)jzm7jz*nfj (32)

( )_iex< ) Z m!n!
Lnn(z, 2 NG p m Jlm — Pt — jH!

or written by means of the Laguerre polynomials

lm,n(Z» Z*) = % exp< 2 ) ( 1)" / 7" an n(ZZ )
m!
= % eXp( 2z ) (=" l 7N an m(ZZ ). (33)

Two alternative definitions of the Laguerre 2D-functions are

1 zz* 1 92
Lun(z,7") = —exp| ——— | ——exp| — e 3.4
(2, 2) N D( > ) — P( 8Zaz*>z 4 (3.4)
and
1 ZZ* (_1)m+n am+n
Lpn(z,7%) = —exp| ——= exp(zz* exp(—zz"). 3.5
(2,2 NG D( > ) — Pea?) o eXp(—22) (3.5)

One can check that the explicit calculation of the derivatives in (3.4) and (3.5) leads to the
representation (3.2) of the Laguerre 2D-functions.
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In polar coordinates, the Laguerre 2D-functiohs,(z,z*) possess the following
representation

(3.6)

. y 1 Ma é<m*">¢ ) m'n'(—l)j .
oy — — m+n—2

2
In particular, the angle dependence is given here by the fattor¥ and decompositions
into the set of Laguerre 2D-functions are decompositions into a Fourier series with regard
to the angle dependence. In the special ease n, one obtains

2z

1 *
Iin(z,72%) = — —— ) (=D"L,(zz"). 3.7
(2,29 ﬁexp( 2>( )" Ln(22") (3.7)
The Laguerre 2D-functions satisfy the following symmetry properties

lm,n(z» Z*) = (ln,m (z, Z*))* = ln,m(z*v 2) lm,n(_z’ _Z*) = (_1)m+nlm,n(za Z*)- (38)

The most important property of the set of Laguerre 2D-functions is to be orthonormalized
in the following way

i
/ E dZ A dZ*(lk_](Z, Z*))*lm,n(z’ Z*) = Sk,m(sl,n (39)
and to satisfy the following completeness relation

>

m=0n

M2

lm,n (Z, Z*)(lm,n(wv w*))* = S(Z —w, Z* - w*) (310)

Il
o

The orthonormality relations can be proved in modified polar coordinates |z|2, ¢),
where after the first integration overthere appears a known special integral over products
of two Laguerre polynomials combined with exponential and power functions (proof, e.g.,
in [15]). In a similar way, in polar coordinates for both complex variakjesnd w, the
completeness relation (3.10) can be proved. One can first separate a sum which contains
only the moduli|z| and |w| and which can be evaluated by a limiting procedure from a
known sum (equation (20) chapter 10.12 in [9], Hille—Hardy or Myller—Lebedeff formulae).
Then the remaining sum with the angles as parameters can be evaluated providing the delta
function of the difference of the angles.

The orthonormality and the completeness relation in (3.9) and (3.10), involves the
product of two Laguerre 2D-functions. We now give two useful relations involving only
one Laguerre 2D-function. The first relation is

/ d A~ de* exp< zz)mm =2 il (1”) S (3.11)

1—-r\1-—r

which can be proved by accomplishing the integration with the explicit representation of
the Laguerre 2D-functions. The second relation is

Z(g) lnn(z,2%) = Zf exp<r *) (3.12)
n=0

which can be proved by means of the well known generating function of the Laguerre
polynomials.
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4. Fourier and Radon transform of Laguerre 2D-functions

We now consider two closely related transforms of a function, the Fourier and the Radon
transforms [4, 5] and apply this to the Laguerre 2D-functions. We restrict this to the two-
dimensional case. The Fourier transfoyftw, w*) of a function f(z, z*) of two complex
variablesz andz* can be defined in the following way

fw, w*) = / 12 dz A dz* f(z, 2%) exp{—lé(w*z + wz*)} (4.1)
and its inversion is determined by
. 1 i .z . i .
f(z, 7" = 2n )2 / Edw A dw* f(w, w )exp{z(w 74+ wz )} . (4.2)

The Radon transforny'(w, w*; ¢) of the function f(z, z*) in complex representation, we
define in the following way (for real representation see [4—6])

f(w,w*;c)E/lzdz/\dz*f(z,z*)S {c—%(w*z—i—wz*)} ceR (4.3)

wherec is an arbitrary real number. The Radon transfofiw, w*; ¢) depends effectively
only on two variables due to the homogeneity

IALf w, Aw*; Ae) = f(w, w*; ¢) reR (4.4)
where A is an arbitrary real number. The Radon transfofmw, w*; ¢) is a real-valued
function if f(z, z*) is a real-valued function and it is here only given in representation by
complex variables. The representation by real variables was discussed in [6].

The Radon transform is closely related to the Fourier transform. According to (4.2) by
using (4.3), one obtains
+00
fbw, bw*) = / de f(w, w*; ¢) exp(—ibc) beR (4.5)

—0o0
where b is an arbitrary real parameter. This means that one can consider the Radon
transform as an intermediate step to the Fourier transform and the Radon transform is
in the n-dimensional case ‘nearer’ to the Fourier transform than to the original function
because the last step is a one-dimensional Fourier transformation, whereas the first step
includes an(n — 1)-dimensional integration of the original function. The inversion of this
relation provides the Fourier transform in dependence on the Radon transform

+o0

fw, w*c) = % f db 7 (bw, bw*) explibc). (4.6)

-0
The inversion of the original function from the Radon transform can now be established in
a two-step operation with the intermediate determination of the Fourier transform and then
with the inversion of the Fourier transform. For this purpose, we need the auxiliary integral

oo . 9 1 1
dr |rlexp(—ixr) =2—R |- | = —2R— 4.7)
oo ax X x2
whereR is the symbol for canonical regularization [16] of a given expression. In particular,
canonical regularization of the expressionsr land 1/x° denote generalized functions
determined by the linear functionals [6, 16]

1 +o0 +00 _ _
(R_,w(x)> — e REX) :/ gy £ —e(=x)

X - 0

00 X X

+00 +00 )
(Ré,w(x)> :/ a R _ g PO +e(=x) — 29(0) .8)

o) x2 0 x2
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where ¢(x) denotes arbitrary basis or multiplicator functions. Canonical regularization
of 1/x is identical with the principal value of /x. As an example, [6] considers
@(x) = exp(—x?) which shows thaR (1/x?) is not a positively definite generalized function.
By means of this auxiliary generalized function, the inversion of the primary function from
its Radon transform can be represented in the following two forms

1 i el f (w, w*; ¢)
, 2 =—=— [ zdw Adw*R
1) = =gz [ o naw R /2w + w)?
I w2 f(wl€, lw|e; o)
= - — d deR . . . 4.9
2m? /0 Y /;oo ‘ (c — (lw|/2)(e79z + €97%))2 (49)
We now consider the influence of argument transformations in the original function onto

the Fourier and Radon transforms. An argument displacement in the original function leads
to

f(z, 2" = fz—z0,2" — 28)

& fw,w*) — eXp{—IE(W*Zo + wzz‘,)} Fw, w*)

o o 1
& f(w,w*;c) > f(w,w*;c— E(w*z()—i—wzz‘))) . (4.10)
The multiplication of the arguments with a complex humbéeads to the correspondences
[z, %) = flkz,k*2")

& fw, w*) — 1*f<£ w_)
Kk

K* K

& f(w,w*;c) — ! f(w w—*;c> = f(lcw,/c*w*;/ck*c). (4.12)

o) e’ ke

More generally, ifA is a non-singular matrix|A| ## 0) which transformgz, z*) according

to
4 Z A, A« Z
=A = a = 4.12
(ZI*> <Z*> (AZ*Z’ AZ*Z*> (Z*> ( )
then one finds the following correspondences
f(@,2") = f(Az+ A" Az 4+ Ay Z)

~ k 1 3 A—l *A—l A—l *A—l
@f(w,w)%mf(w s TWA WAL +w zz)

y 1.
& fw,we) - —— fwAZl +w' A, wAZ + w Ak o)

|A]
= fwA; = w A, —wAz + W A |Ale) (4.13)
with the inverse matrixd— to A given by
AL, A 1 ([ Ay, —A
A"l = 2z ? 2z - 7% @) 4.14
(Az*i’ Av*%*> |Al <_Az*z’ Az ) ( )

In its quantum-mechanical application to the Radon transform of the Wigner quasi-
probability, squeezing transformations of states lead to symplectic transformations of
the arguments in the Wigner quasi-probability and corresponding inverse symplectic
transformations which are again symplectic transformations in its Fourier and Radon
transforms [6].
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We now consider the convolution of two functiopéz, z*) anda(z, z*) according to
i
fz,7") =g ") *h(z,2%) = / > dz’ Adz™g(Z, 2z — 2/, 2" — 7). (4.15)

The Fourier transform of (z, z*) is then the product of the Fourier transformsgat, z*)
andh(z, z*) according to
fw, w") = g(w, wHh(w, w*). (4.16)

From the connection of the Radon transform with the Fourier transform (4.5) and its
inversion (4.6), it follows

. +o00 +o00 y
flw,w;c) = f dc’ f dc” 8(c — ' — N g(w, w*; Yh(w, w*; ")
SO ]
= / dc’ g(w, w*; Yh(w, w*; ¢ — ¢'). (4.17)
—o0

This is a one-dimensional convolution of the Radon transfqftas w*; ¢) andh(w, w*; ¢)
with regard to the variable.

We now consider the specialization to the Laguerre 2D-functions. The Fourier
transformsi,, ,(w, w*) of the Laguerre 2D-functions are again Laguerre 2D-functions
according to

- i i
(W, w¥) = / > dz A dz*ly (2, 2%) eXP{—E(w*z + wz*)}
=21 (=), . (w, w*). (4.18)

This property is similar to the corresponding property of Hermite functions. It can be

proved by using the explicit representation of the Laguerre 2D-functions defined in (3.2).

The Radon transform of the Laguerre 2D-functions can be obtained by the transition from

the Fourier transform. According to (4.6) and (4.7) one has to evaluate the following integral
+00

lvm,n(w, w*; ¢) = (—i)"*" / db 1., (bw, bw*) exp(ibc). (4.19)

—00

This is made in appendix A. The result has a simple product structure

[ . w* o) 2 ox c? [w\"™" 1
ma(W, W 5 C) = -
' ww* P 2ww* w* A 2ntnmln!

c C
<to () () (420
or written by means of the Hermite functiong(x) defined in (2.1)
. N S 4 w\ " c c
i = () e () (o) @20
It is normalized according to
too ~ i
/oo de Ly n(w, w*; ¢) = 1,,,(0,0) = / > dz A dz*ly (2, 2°) = 2/ 8mn- (4.22)

The structure of the Radon transform of the Laguerre functions as a product of Hermite
functions combined with angle functions finds a natural explanation in application to the
Wigner quasi-probability and its Fourier and Radon transform (section 8).
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5. Differential equations for the Laguerre 2D-functions and Heisenberg—Weyl algebra
w2, R)

We now derive the basic differential equations for the set of Laguerre 2D-functions. The
starting point is the following known differential equation for the associated Laguerre
polynomialsL’ (u) which can be verified by means of the explicit representations

ou ou

We now introduce modified polar coordinatés, ¢) with the following connections to
(z,2")

{iui+(v—u)a%+n}LZ(u)=O. (5.1)

z=+ué’ & =Jue u=zz"* ei‘”z‘li- (5.2)
Z*
This leads to
a9 i 9 g 0 i 9
Z¥0z  du  2ude 29z du  2u dg
a 1/109 190 10 10 10
— ===+ - —— =i - - (5.3)
ou 2\z*dz zIz* u o Z¥0z zoz¥

and to the following operator
32 a 9 1 92

= —u—+——7:. 5.4
9z0z"  ou' du + Qy d¢? .4
The differential equation (5.1) can now be represented in the following form
02 m—-n—zz* (19 139
e L""(zz") =0 5.5
{3Z32*+ 2 (z* 0z zaz*)+n} n @) (-5)
and, additionally, the Laguerre polynomidl§ " (zz*) satisfy the equation
19 19
<__ - > L' ™(zz") =0 (5.6)
z* 0z z0z*

due to the independence bf' ™" (zz*) on the anglep. By using this, one finds the following
differential equation for the Laguerre 2D-functions
92 zz* n m+n+1
0z0z* 4 2
Furthermore, one finds that they satisfy the following eigenvalue equation for the operator
—id/d¢ expressed by the variable, z*)

} Imn(z,2%) =0. (5.7)

(Zi - Z*i> lm,n(z, Z*) = (m—n) lm.n(z’ Z*)' (58)
0z 0z*

One can write equation (5.7) as the following eigenvalue equation

77 82 . .
_2— lm,n(ZvZ ) = (m—l—n—i—l)lm,,,(z,z ) (59)
2 0z0z*

The operator on the left-hand side is the Hamiltonian operator for a degenerate 2D harmonic
oscillator with frequenciesv; = w, = w divided by iw. The Laguerre 2D-functions
In.n(z,z*) are eigensolutions of this operator to eigenvalges+ n + 1). This operator

alone cannot discriminate with regard to its eigensolutions between differemtd » but

only between different sum@n + n). One can therefore form linear combinations of the
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Laguerre 2D-function$, , (z, z*) with equal sum(m + n) which are also eigensolutions of
this operator to the same eigenvalue. A full discrimination between diffeteatdr can
be obtained if, additionally to (5.9) we use the eigenvalue equation (5.8) for the operator
—id/d¢ expressed byz, z*). Due to this degeneracy, one can consider combinations of the
eigenvalue equations (5.8) and (5.9) and obtain in this way other eigenvalue equations for
the Laguerre 2D-functions.

One can introduce more basic operators for the Laguerre 2D-functions such as
annihilation and creation operators. By using the explicit representations for the Laguerre
2D-functions, one proves (abstract representatiogoncrete realization)

*

0
a+lm,n = \/Elmfl,n - (ZE + a_Z) lm,n(zs Z*) = \/%lmfl,n(zv Z*)

ad
a—lmﬁn = \/’Tllm,n—l - (E + 8_Z*) lm,n(z9 Z*) = \/’Tllm,n—l(z’ Z*) (510)

2
as well as
' — z a —
a-TFlWlwn = m + llWH-l." g (5 - B_Z*> lm,n(zv Z*) = m + 1lm+1,n(zv Z*)
i * a —
al_lm,n =+vn+ 1lm,n+l - <% - a_Z) lm,n(za Z*) =+n+ 1lm,n+l(zs Z*)- (511)
The introduced operators satisfy the commutation relations
T [z* Jd z 9 ]
. = I — —_—, = — = 1
lay,ay] - B + 522 9z
' [ 9 z¢ 937
all=15 |2 R |
[a- ] - _2+ az* 2 0z
Moo S48 2904
lar el =0~ 15+ 5~ 5]
' [ 0 z 9
_dl]=0- |2 i =0
[a-, ] - _2+8z*’2 az* |
[z 0 z 9
,a_| = O —_— -, = = 0
l[ay,a-]=0— 5 52 2+82*_
PR [z 0 z¢ 0]
fal1=0 o T __|=0 5.12
b al1=0~ |5 - o 5~ 2| (5.12)

These relations show that/2 + 9/0z andz/2 + 9/dz* are annihilation operators for the
Laguerre 2D-functions which reduce one of the indices in unit steps,zahd- 9/dz*

and z*/2 — 9/0z are creation operators which increase one of the indices in unit steps.
The relations (5.12) imply that the 5 operaters — z*/2 + 9/9z, al — z/2—0/97%,

a_ — z/2+09/0z*, a — 7*/2—9/dz, I — 1 are closed with regard to the commutation
relations. Therefore, they form a realization of an abstract 5D Lie algebra by multiplication
and differentiation operators which is the Lie algebra to the Heisenberg—Weyl gro2iiR)

or to its complex extensioi (2, C) for a two-mode system and the Laguerre 2D-functions
form a certain basis for this realization of the Heisenberg—\Wey! algeli?aR) or for its
complex extensionw (2, C) [7] (see [8] for notion of Heisenberg—Weyl algebra and group).



Laguerre 2D-functions in quantum optics 8277

The operator of the eigenvalue equation (5.9) can be formed by the basis operators of this
Heisenberg—Weyl algebra as follows

Lo gt Pyt
é(a+a+ +ayay+a_a. +ala_)

N 1(/z* n a Z 0 n z 0 z* n 9
2 2  9z/J\2 oz 2 0z* 2 z
0

P)
N z N 9 * 9 N * 9 z N oz 5 92
2 a9z )\ 2 9z 2 9z)\2 a9z )| 2 929z

(5.13)
and, analogously, the operator of equation (5.8)
a0
aJraJr+ —a_al — Za_z -z 3 (5.14)

These operators are only two of ten independent operators which can be formed by quadratic
combinations of the basic operators given in (5.10) and (5.11) and which form the Lie algebra
sp(4, R) to the symplectic grougSp(4, R) in the 4D phase space [17] or its complex
extensionSp(4, C). This group contains interesting subgroups as, for example, the 3D
group SU(2) and ‘physically’ different groupssU(1, 1) (for each of the two modes and
for mixing of the two modes). The groufU (2) is the group of the transformations of
the two modes by lossless beam splitting [18]. The different grdipsl, 1) are groups
of squeezing transformations of each of the modes separately or of two-mode squeezing,
correspondingly [17]. If one uses the Laguerre 2D-functions as basis functions of the 2D
harmonic oscillator, the mentioned subgroupsSpfi4, R) and the whole grougp(4, R)
generate transformations of these basis functions which we, however, do not investigate in
the present paper.

By using both the eigenvalue equations (5.8) and (5.9), one can prove in a standard
way that the Laguerre 2D-functiorig,(z, z*) and/,, ,(z, z*) are orthogonal to each other
for k £ m orl # n in the sense of equation (3.9). The value of the integrakferm and
[ = n and therefore the normalization has to be calculated then in a direct way by using the
definition of the Laguerre 2D-functions with the result given in (3.9).

6. Real representation of Laguerre 2D-functions

We now derive the real representation of Laguerre 2D-functions. The first step is to obtain
the real representation of power8z*" in the following way (derivation in appendix B)

m+n

(r iy @ —iy)" =Y (12 P Oy (6.1)
j=0

J

where P/“" (1) denotes the Jacobi polynomials (Jacobi 1859). The next step is to write
the form (3.4) of the definition of the Laguerre 2D-functions by real variables and to apply
(6.1) that leads to

x2+y2 1
2 ~vmln!

exp| 82+82 (x+iy)"(x —iy)"
ORI T\ g Ty ) T

Ina(x +iy,x —iy) = % exp<—
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1 ox x24y? 1 ox 1/ 92 n 92
T P 2 m!n! Pl7a o2 dy?
m+n ) ) o
x Y (i) PP @ty (6.2)

j=0

We now use the following representation of the Hermite polynomials [19] (found earlier in
[20])

1 82 . [n/2] (_1)kn! -

which can be checked immediately by explicit calculation of the derivatives after Taylor
series expansion of the exponential (convolution) operator applied to the asymptotics of
the Hermite polynomials. By using this, we obtain the following real representation of the
Laguerre 2D-functions

_ , 1 x4y 1
lm,n(x +ly,x — Iy) = ﬁ exp{ - 2 2mtn. Sminl
m—+n

x Y ((12)) P (0) Hypg () Hi (). (6.4)
j=0

This can be represented by means of the Hermite functions in the following way

m+n

Lun(x +iy, x —iy) = ——ee JW Z(|2)1Pj(mfj,n7j)(0) (m +n — DV R OB ()

(6.5)

and the inversion of this relation by analogy to (B.3) and (B.4) leads to

)n m—+n

WZZJPW j.n— /)(0)mlm+11 iy x —iy).
(6.6)

By (X)hn (y) =

Thus, we have obtained the real representation of the Laguerre 2D-functions by superposition
of Hermite 2D-functions and its inversion. These relations show again that Laguerre
2D-functionsl,, ,(z, z*) as well as Hermite 2D-functions,,(x)h,(y) are eigensolutions

of the two-dimensional degenerate harmonic oscillator to eigenvétuesn + 1) and only

a further eigenvalue equation can discriminate between diffetezmdr.

The values of the Jacobi polynomials taken for zero arguméﬂ;‘”?’” D) are
(positive or negative) integers. In the general case, they are not representable by a closed
formula of the multiplicative type. We have checked this by decomposition into prime
factors by means of a computer, where for small numbergjof:, n) there appear, in
an irregular way, high prime factors which make the existence of a closed formula of
the mentioned type impossible. However, in the case of equal upper indices, we have the
following simple representation for even lower indices (binomial coefficients) and odd lower
indices (vanishing) obtained from relations to certain Gegenbauer and Legendre polynomials
[14]

(—D* (2% +1)!

(,0) _
Pa (0 = 2%l (k + 1)}

() N s\ 2k o (n—2k,n—2k) . n!
P2k+1(0) =0= (I2)7 Py, 0) = —k!(n ey (6.7)
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for arbitrary integek. This means that in case af = n, the Laguerre 2D-functions possess
the following relation to products of Hermite functions

] . 1 n |
bnx +iy.x —iy) = 5 ; k!(n"_ 7Y @1 = 20120 by 2k () (6.8)

and products of Hermite functions of the same index can be represented by Laguerre
2D-functions according to

() = Z CV s (x +iy, x —iy) (6.9)
Y= i Ll (n — k! HE n—gr 2 A1y, X = 1) :

By comparison of (6.8) with (3.7) and (2.1), one obtains the identity

2 o (=D n!
La(® 435 = o5 ; o1 -2 () Ha (). (6.10)
This is a known identity [9] (factor 122" is absent there). The generalization of this identity
taken from (3.3) and (6.5) is

(=D)"nb(x +iy)" Ly (P 4 y) = (=D ml (= iy) LT (2 A+ y)

m—+n

> (@2)/ PP (0) Hyp () H (). (6.11)
j=0

2m “+n

The known special case where = n given in (6.10) involves only the even Hermite
polynomials on the right-hand side, whereas we have here involved all Hermite polynomials
from index 0 on up to the maximal indéx: +n). From the inversion of the relation (6.5)
in (6.6) it follows if we use the definition of the Hermite functions in (2.1) and of the
Laguerre 2D-functions in (3.2) that

m-+n . ) ) .
Hy () Hy(y) = (=) 3 (=2 P70t iy 2L (6% 4 )

j=0

m—+n

=i"(=D" Y (=2 P" " (0)
j=0

x(m+n— Pl — iy LA (2 4 )P, (6.12)
In the special case: = n by using (6.7) this leads to the following identity
o ~ (=Dfn! i N2(n—2k) 7 2(n—2k) ;2 2
Hy (x) Hy (y) = (1) ; i1 2N +I* 0Ly (2 4 5%
= (=i)" Z L)k”!(zn — 2 (x — iy)2@-m 22 (2 4 2y (6.13)
£ kl(n — k)! 2k

which can be also obtained from (6.9).

By multiplication of (6.5) with(l, ; (x+iy, x—iy))*, integration over the two-dimensional
space of coordinates:, y) and by using the orthonormality of the Laguerre 2D-functions
and of the Hermite functions, one obtains the following identity checked by computer

1 m—+n

2n il Z 4 (m+n— j)!j!Pj(m+n—1—j,1—j)(O)Pj(m—j,n—j)(o) — 5. (6.14)
=0

independently of the integer value.
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The two differential equations (5.8) and (5.9) for the Laguerre 2D-functions are

i <yi _xi) lm,n(x + iy,x - |}’) = (m _n)lmﬁn(x + iy,x - |)’) (615)

ax dy
and
1/, L, 9 92 . , . .
S T+ Y =5 = w5 Jla(x + iy, x —iy) = (m +n+ Dby u(x + iy, x —iy). (6.16)
2 ox ay

This is the real representation of the eigenvalue equation for a two-dimensional harmonic
oscillator. The Laguerre 2D-functions and the Hermite 2D-functions form only two different
bases in the realization of the Heisenberg—Weyl algeb(d, R) by functions of two
variables(z, z*) or (x,y). They are related to each other as the basis of two opposite
circular polarized modes to the basis of two perpendicular linearly polarized modes. This
suggests that it should be possible to introduce a more general set of 2D-functions which
makes the continuous transition from the Laguerre 2D-functions to the Hermite 2D-functions
for a two-dimensional degenerate harmonic oscillator and which corresponds to two opposite
elliptically polarized modes. We do not try to make this in the present paper.

7. Fock-state representation of the quasi-probabilities by Laguerre 2D-functions

We now consider applications of the Laguerre 2D-functions in quantum optics. By using this
set of functions, the class of quasi-probabilitigg o ;) (o, «*) with the ordering parameter
r [29] can be represented in the following way

. = 2 ox 2r aa*
oon(@ ) = Ty &P 12

oo 00 1_ m-+n 2 20{*
xZZ(mmm)(,/F:) zn,m<h, m) (7.1)

m=0 n=0

If we insert the explicit form of the Laguerre 2D-functions given in (3.2) and (3.3), we come
to a known form of these quasi-probabilities and although we do not give the derivations
here [3] (see also [1]). We mention here thatfoe 0, we get the Wigner quasi-probability
W(a, a*), for r = 1 the coherent-state (or Husimi—Kano) quasi-probabdity, «*) and for
r = —1 the most singular Glauber—Sudarshan quasi-probatility, «*). For both cases
r = +1 they have to be considered as limiting cases in (7.1), where thercase-1 is
unproblematic contrary to the case where- —1.

The orthonormality (3.9) and completeness (3.10) of the Laguerre 2D-functions provide
immediately the inversion of (7.1) that means the Fock-state matrix elements determined
by the quasi-probabilities

247 ( [1+r\"T" i . .
(mlo|n) =£r< ) /Edomda Fo.0.r)(a, o)

1- 1-r
2r aa* 20 20"
xexp|l ——= | lnn , . 7.2
p( 1—r2> ’(«/1—;»2 «/1—r2> (72

In the special case of the Wigner quasi-probabitity: 0, one obtains

>

(
m=0 n=0

o0

W(a, a*) = mlo|n) L, ., 2a, 20™*) (7.3)

Bl
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with the inversion
(m|oln) = Zﬁ/ Iéd()l A da* W (o, @)y (20, 200%). (7.4)

This shows that the Wigner quasi-probabili#(«, «*) in Fock-state representation is almost
directly determined by the set of Laguerre 2D-functions with the Fock-state matrix elements
as coefficients.

The Glauber—Sudarshan quasi-probabilltyo, a*) corresponding to- = —1 can be
represented by the following limiting procedure by setting —v/1 — 4¢, = ¢ = (1—r?) /4
in (7.1)

i L exp e 2 mloln) | (o
rear =il Sen(w - 50) S L (F )] @9

that leads to a superposition of two-dimensional delta functions and their derivatives
[19]. Pdina and MBta [21,22] (see also [23] and [24,25]) introduced a
‘regularized’ representation of the Glauber—Sudarshan quasi-probaltiity, «*) by
Laguerre polynomials. It is of a similar structure as (7.5) without a limiting procedure but
therefore with changed matrix elements as coefficients. It can be represented in a favourable
way by means of the Laguerre 2D-functions where their orthonormality properties can be
used for its derivation. In this way, one finds the following modified representation of the
Pdina—MiSta representation [1]

o _ L . Om.n(€) o o
e = om(w = 50 ) 0 T (2 ) 7o

with the following definition of the new matrix elemenis ., (¢) together with their inversion
(found by Pé&na and coworkers [24, 25] and represented in the present form in [1])

{f} \/'_I’l( E)k

Qm,n(g) — le _k|Q|n _k>
{mn} Jmlnl
(I’I’llQ|n) = Z m 8 Ql?l—l,n—l(8)~ (77)

=< 1L/(m = DI = 1)!

We have represented the quasi-probabilities up to now by complex coord{natey.

These complex coordinatéa, «*) are connected with the canonical coordinatg¢sp) in
guantum optics by

*

< * q—1p 4
VE V& T VE VA
This means that we identify the real coordinaiasy) in the general treatment with
the canonical coordinate, p) in quantum optics. By inserting the connection (6.4) or
(6.5) between Laguerre 2D-functions and Hermite 2D-functions into (7.1), one obtains a
new representation for the quasi-probabiliti&s ) (¢, p) in canonical coordinateg;, p).
Taking into account the normalization of these quasi-probabilities with the integration
measure g A dp and the connectiori/2) da A da* = dg A dp/(2k) one obtains for
the representation in canonical coordinates

S o S ([
Foon(g, p) = A1+ 1) ex < h(1+l’)> ZZ mleln) ( ) om+n, S

m=0 n=0

m-+n ) ) ) 2 2
; (n—j,m—j) ) )
XJEZO('Z)]R" <0>Hm+n,(‘/ﬁ(l_r2)q)H,( c1 Z)p) (7.9)

(7.8)
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and, in particular, for the Wigner quasi-probabilmy(q p) corresponding te = 0

)ZZ mloln) 2m+nﬁ

m=0 n=|

m+n ) ) . 2 2
i2)/ pr=im=p q Hyn il /=g |H: /=P ). 7.10
X]‘E:O(I) ; (0) Hot ,(\/hq> J< hP) (7.10)

The special case of this representation of the Wigner quasi-probability for a Fock state
o = |n){n| which can be directly obtained from its representation by Laguerre polynomials
by using the known relation (6.10) possesses in representation by the Hermite polynomials
the form

1
o= (1

?+p*\ 1
h 221l

<3 i o oy 2a)ma(|/20) (711)

which is derived in [26] (see also [17], equation (3.51)). The inversion formulae (7.3) and
(7.4) can be represented in an analogous way by Hermite polynomials instead of Laguerre
2D-functions.

The above considerations show that the Laguerre 2D-functions are very appropriate for
the representation of the quasi-probabilities in the Fock-state basis and for their inversion.

1
¢ =In)(n| & Wig,p) = —eXIO<

8. Radon transform of the Wigner quasi-probability

The Radon transform of the Wigner quasi-probability or of a more smoothed quasi-
probability is the main object of quantum tomography for the reconstruction of states by
means of the Wigner quasi-probability or of the density operator from measured quadrature
distributions [27, 28] (see also [10]). The Radon transfa¥it, v; ¢) of the Wigner quasi-
probability W (g, p) in canonical coordinates is defined by [6]

W(u,v;c) = /dq Adpé(c —uqg —vp)W(g, p) (8.1)

and it is connected with the rotated quadrature components considered in section 2 in the
following way
W (cosy, sing: q) = (g: ¢lolq: ¢). (8.2)
The Fock-state representation of the Wigner quasi-probability (7.3) written by means

of the complex variablegz, z*) according to (7.8) and normalized with the measure
(i/2) dz A dz* instead of(i/2) da A da* is now

7 (G Jan) =i e (7o 7). 0

m=0 n=

We have already calculated the Radon transform of the Laguerre 2D-functions in
equations (4.20) or (4.21). Taking into account the stretch factor according to (4.11), the
Radon transform of this function is

W(w, w*;c) = %_/ lzdz Adz* S (c — % (w*z + wz*)) w <«/L_2}T’ «/Z_*_2}7>
1 & fw\"™" c c
= — hpy | — ) 1, . (8.4
hww* X;);(mlmn) ( w*) («/hww*) (vhww*> ©4
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Expressed by means of the Hermite polynomials, this takes on the form

y 1 c? 2 &
Ww, w'i ) =~ ex"’(‘nww*> > (mleln)

m=0 n=0

w\" " 1 c c

(V) () o () ©9)
In this form, we can setv = u + iv and w* = u — iv and we obtain immediately by
this substitution the real representati&ih(u, v; ¢) of the Radon transform of the Wigner
quasi-probability W (g, p) in canonical coordinategq, p). From this form, one finds
W (cose, sing; ¢) by specialization (cf equation (2.10)), however, it is more effective
to possess the formV (u, v;c) or W(w, w*; ¢) of the Radon transform of the Wigner
guasi-probability because displacement and squeezing transformations of the states lead to
simple transformations of the argumertis v; ¢) or (w, w*; ¢) of the Radon transform
and it is not necessary to make the more difficult calculations for these states anew. In
particular, squeezing of the states leads to symplectic transformations of the vatiabies
or (w, w*) which do not preserve the angles. These transformations are explicitly given
in [6] together with an example. Therefore, it is irrational to work from the beginning
with the specialization¥ (cosg, sing; ¢) in which the angles explicitly appear and which
is difficult to transform. On the other side, it is easy to obtﬁjmco&p, sing; g) from the
generalW (u, v; ¢) by using the homogeneity condition (4.4) after division of the arguments
by u? + v?> = ww*, whereas the inverse transition is not as simple to carry out.

9. Fock-state representation of the displacement operator and scalar product of
displaced Fock states

The unitary displacement operatbr«, «*) as the essential part of the general element of
the Heisenberg—Weyl grouW (1, R) is defined by [2]

D(a, o) = explaa’ — a*a). (9.1)

The matrix elements of this displacement operator are almost directly given by the Laguerre
2D-functions [8]. We do not calculate them here (e.g., [3,8]) but mention the following.
The action of the displacement operafdfe, «*) onto Fock statep:) provides by definition

the displaced Fock statés, n) (e.g, [11])

la, n) = D(a, a*)|n) (a,n| = (n|(D(e, ). (9.2)

The scalar product of displaced Fock states is calculated in [11] (equation (3.11) there) and
takes on the following form in representation by the Laguerre 2D-functions

(B, mla, n) = (—1)" /7 exp{3(@B* — &*B)}ln(a — B, ™ — B*). (9.3)

The matrix elementm|D(a, «*)|n) of the displacement operator is the special gése 0
of the general scalar product of displaced Fock stgfes:|a, n). Therefore, one obtains
for these matrix elements

(m|D(@, &")|n) = (mla, n) = (=1)" /Tl n(er, ). (9-4)

The displacement operatdr(«, o*) is connected with the Heisenberg—Weyl grdtijgl, R),

whereas the Laguerre 2D-functions are simply connected with the Heisenberg—Weyl group
W(2,R) as was shown in sections 5 and 6. Nevertheless, the Laguerre 2D-functions can
often be applied to problems which are not directly connected with the last mentioned group.
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10. Conclusion

We have derived basic relations for a two-dimensional orthonormalized set of functions

Im.n(z, 2*) which is called the set of Laguerre 2D-functions and have applied this to the quasi-

probabilities in Fock-state representation. The derived relations include the Fourier and
Radon transform of the Laguerre 2D-functions. It was shown that the Laguerre 2D-functions
are eigensolutions of the differential equation for a two-dimensional degenerate harmonic
oscillator (equal frequencies) and that they form a basis for a realization of the Heisenberg—
Weyl algebraw(2, R). Further relations are established between Laguerre 2D-functions and

superpositions of products of two Hermite functions and their inversion was found. These

are relations between the different bases of circular and linear polarization of a two-mode
system. Due to the orthonormalization and completeness of the Laguerre 2D-functions they
find interesting applications in problems with two or more variables. We considered here

applications in quantum optics to the two-dimensional phase space of one mode.

Appendix A. Radon transform of Laguerre 2D-functions

We present in this appendix the calculation of the Radon transform of the Laguerre
2D-functions.

First, we evaluate auxiliary integrals which lead to Hermite polynomials as follows

1 F00 (x —x0)?%\ ,
\/Ea ‘/;oo dx exp(—a—z)x
1 +00 2
= NeT / dy exp(—Z—) (x0 + ¥)"
[n/2] | 1 +o0 2
n: n—21 y 21
= d _Y
X i Jaa /_w yexp( az)y
A n! X 2l Z
=,;n<n— 21" <2>

- (q:i%)nH,(ii%). (A.1)

Now, by applying these integrals, one obtains the Radon transform of the Laguerre
2D-functions by the following chain of identities

. 1 +0o
Ly n(w, w*; ¢) = 271(—i)m+”2—/ db 1, . (bw, bw*) exp(ibc)
7 J_

1 02 |)171+n {m,n} mlnl(_l)J R .
= —exp|— w" T w*
N p( ) Tt 25 T — i)
+00 ww* c 2 )
X / db exp{ — (b—' ) }b’”+"-2f
o 2 ww*
Voo () ()
ww* 2ww* w

.} m'n!2i

C
Hm n—2j T
«/72”’+”m'n Z Jm— plin— pHrm* 21(«/—2ww*)
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_ 2 2 w) 1
"V ww* P 2ww* w* 2mtnmln)

C C
XHm Ry — Hn = . AZ
<\/2ww*) («/2ww*> (A.2)
This can be written by means of Hermite functions as follows
. 27{ w )m—n ( c > < c )
Lyn(w, w™; c) = [ — h,, h, . A.3
a ) ww* ( w* v 2ww* v 2ww* (A3

This Radon transform possesses a simple product structure with factors depending on
andn but without coupling terms between them.

Appendix B. Relations between products of powers of the real and complex variables

The relations between the products of power functions of the real variaghles and of the
complex variablegz, z*) are easy to obtain and to represent in a compact manner if one only
looks to the explicit form of Jacobi polynomials for a possible representation of the arising
coefficients. In preparation of this, we write down the following explicit representation of
Jacobi polynomials” () [9]

@, (u—1Y (+a)!(j + B)! <u+1>k
Fi (“)_< 2 );k!(j—k)!(j—i—a—k)!(ﬁ—i-k)! u—1)° 81

Now, by applying the binomial formula to powers oft iy, one quickly proceeds to the
following identity

Zmz*n — (x + iy)ln(x _ iy)n
m+n J

B mn—j J_inj m!n! vk
- ;x y'(=D ;k!(j—k)!(m—k)!(n—j—l—k)!( i (8:2)

By comparison of the inner sum with the representation (B.1) of Jacobi polynomials, one
finds that it can be represented by them by choosiagO for the argument and by choosing
a=m— jandB =n — j. In this way, one obtains
m+n . . o
"=y (i2)) PP ()xm (B.3)
j=0
In a fully analogous way, one finds its inversion

\n m+n

xmyn — (2m_|+)n ZO 2j Pj(m*j»”*j)(O)Zernij*j. (B4)
The Jacobi polynomials, in particular, for zero argument possess many transformation
relations and one can give the relations (B.3) and (B.4) many slightly different forms but
the chosen form is one of the most symmetrical ones. The derivations of (B.3) and (B.4)
are simple if one only examines the Jacobi polynomials for a possible representation. It
appears that the resulting formulae do not exist in printed form since we cannot give any
reference for them, therefore, we consider here the derivation.

It is not possible to derive simple closed formulae for the result of the sums in the

Jacobi polynomials for zero argument and without specialization of the indices 8)
in Pj(“’ﬂ)(O). From their meaning in (B.3), it is clear thatijg.(m’f’"’j)(O) with j =
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0,1,..., (m+n) for given (m, n) are integers which vanish fgr< 0 andj > m +n. We
decomposed’2" " ~7(0) for many fixed pairgm, n) into prime numbers where for low
values of(m, n) and 0< j < m+n there irregularly appear high prime factors that makes a
simple formula for this sum impossible. The only values of the arguments where the sum in
the Jacobi polynomials can be generally evaluated in a closed way-ar¢1. In all other
cases one gets simple formulae for this sum if additional relations between the indices in the
Jacobi polynomials are considered and, seemingly, many interesting identities are unknown
up to now. Such a case is equal upper indices for zero argument and the corresponding
simplifications are given in (6.6). For equal upper indices, the Jacobi polynomials are related
to certain Gegenbauer polynomials and to associated Legendre polynomials [14]. Knowing
the relations (B.3) and (B.4), it becomes immediately clear that the Jacobi polynomials for
zero argumenPj('”’j’”’j)(O) should give simple closed expressions #oe= n because the
relations(zz*)" = (x2 + y?)" can be expanded by using binomial formula.

We mention here that similar relations of the form (B.3) and (B.4) can be derived for
the relations between symmetrically ordered powers of the boson opefatais and of
the canonical operatoreD, P) with the basic relations between these pairs of operators
given in (2.6) [29]. They areq{...} means symmetrical ordering of content in braces)

m-+n

> (@2 P O)s(m P). (B.5)

S{a"al") = ————
(@)m-‘rn =

and

7\ m+n m+n
S{Q"P"} = (—i)”< E) > 21" (@) S (e all). (B.6)
j=0

The composition of the two identities (B.3) and (B.4) or (B.5) and (B.6) leads to the
following identity for the Jacobi polynomials at zero argument checked by computer

1 m+n ) L o
i ZszPj(m Jon ,/)(O)Pk(m+n i) = 5, . B.7)
j=0

This identity can be used for the inversion of formulae of type (B.3) or (B.4).
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