
Laguerre 2D-functions and their application in quantum optics

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1998 J. Phys. A: Math. Gen. 31 8267

(http://iopscience.iop.org/0305-4470/31/40/017)

Download details:

IP Address: 171.66.16.104

The article was downloaded on 02/06/2010 at 07:17

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/31/40
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen.31 (1998) 8267–8287. Printed in the UK PII: S0305-4470(98)94429-8
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Invalidenstr. 110, 10115 Berlin, Germany

Received 20 May 1998

Abstract. A set of orthonormalized and complete functions of two real variables in complex
representation involving Laguerre polynomials as a substantial part is introduced and is referred
to as the set of Laguerre two-dimensional (2D) functions. The properties of the set of
Laguerre 2D-functions are discussed and the Fourier and Radon transforms of these functions are
calculated. The Laguerre 2D-functions form a basis for a realization of the five-dimensional Lie
algebra to the Heisenberg–Weyl groupW(2,R) for a two-mode system. Real representation of
this set of functions by a sum over products of Hermite functions involving Jacobi polynomials at
the zero argument as coefficients is derived and it leads to new connections between Laguerre and
Hermite polynomials in both directions. The set of Laguerre 2D-functions is the most appropriate
set of functions for the Fock-state representation of quasi-probabilities in quantum optics. The
Wigner quasi-probability in Fock-state representation is up to a factor and an argument scaling
directly given for each matrix element by a corresponding Laguerre 2D-function. The properties
of orthonormality and completeness of the Laguerre 2D-functions provide the Fock-state matrix
elements of the density operator directly from the quasi-probabilities. The Peřina–Mišta
representation of the Glauber–Sudarshan quasi-probability can be represented with advantage
by the Laguerre 2D-functions. The Fock-state matrix elements of the displacement operator and
the scalar product of displaced Fock states are closely related to Laguerre 2D-functions.

1. Introduction

We investigate in this paper a two-dimensional (2D) orthonormalized and complete set of
functionslm,n(z, z∗) in representation by complex variables(z = x+ iy, z∗ = x− iy) which
involves the Laguerre polynomialsLνn(u) as a substantial part and which we call the set of
Laguerre 2D-functions. This is contrary to one-dimensional (1D) sets of Laguerre functions
lνn(u) = (euuνn!/(n + ν)!)1/2Lνn(u) which are orthonormalized on the positive axis with
regard to the indicesn, and withν as fixed parameters. The set of Laguerre 2D-functions
was shortly introduced and discussed in [1]. This set of functions is analogous to the 1D
orthonormalized and complete set of Hermite functionshn(x) which involve the Hermite
polynomialsHn(x) as a substantial part. It is the most appropriate set of functions for
the quasi-probabilities in Fock-state representation, in particular, for the Wigner quasi-
probability [2, 3]. We think that the set of Laguerre 2D-functions is appropriate for many
problems with functions of two variables due to its completeness, orthonormality and also
in classical optics for the representation of Gaussian waves in paraxial approximation. This
justifies its introduction and detailed investigation. Contrary to the 2D orthonormalized and
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8268 A Wünsche

complete set of functionshm(x)hn(y) which is most appropriate in Cartesian coordinates,
the set of Laguerre 2D-functionslm,n(z, z∗) is more appropriate for use in polar coordinates.

In the present paper we calculate the Fourier and the Radon transform [4–6] of the
set of Laguerre 2D-functions (section 4). The Fourier transform of these functions are
again Laguerre 2D-functions. This is very similar to the Hermite functions. The Radon
transform of these functions possess the structure of products of two Hermite functions
with corresponding indices combined with simple angle functions. In section 5, we
derive differential equations for the set of Laguerre 2D-functions which show that they
are eigensolutions of the Hamilton operator for a 2D degenerate harmonic oscillator.
The Laguerre 2D-functions form a basis for a realization of the 5D Lie algebra to the
Heisenberg–Weyl groupW(2,R) [7, 8] for a two-mode system and we introduce two
annihilation and two creation operators in this realization which act in a simple way onto the
Laguerre 2D-functions. In section 6, we make the transition in the Laguerre 2D-functions to
a representation by real variables. We obtain a representation by superposition of products of
Hermite functions with Jacobi polynomials taken at the zero argument as coefficients. The
connection between the complex and the real representation of the Laguerre 2D-functions
leads us to a new identity which, up to now, is only contained in table monographs
for the special case of Laguerre polynomialsLn(x2 + y2) [9] but not for the associated
Laguerre polynomials. The inversion of these relations is also obtained. In section 7,
we discuss application of the Laguerre 2D-functions in quantum optics to the Fock-state
representation of the quasi-probabilities. In particular, the Wigner quasi-probability in Fock-
state representation is up to a factor and to an argument scaling directly given by the
whole set of Laguerre 2D-functions with the Fock-state matrix elements as coefficients.
The orthonormality and completeness of the Laguerre 2D-functions provides immediately
the inversion of the Fock-state matrix elements expressed by the quasi-probabilities. The
relation of Laguerre 2D-functions to Hermite functions leads to a new representation of
quasi-probabilities. In section 8, we discuss the meaning of the Radon transform of the
Wigner quasi-probability which is the main object of quantum tomography [10]. In section 9,
we show that the Laguerre 2D-functions are closely related to the Fock-state matrix elements
of the displacement operatorD(α, α∗) of the Heisenberg–Weyl groupW(1,R) [3, 8] and to
the scalar product of displaced Fock states. In the appendices we present the calculation
of the Radon transform of the Laguerre 2D-functions and give the derivation of relations
between real and complex representation of power functions and their inversion involving
Jacobi polynomials at zero argument which is applied in section 6.

2. Hermite functions and their application to Fock states

In contrast to Hermite polynomialsHn(x) (Chebyshev 1859, Hermite 1864), the notion
of Hermite functions is not often used and is unstable. We introduce it here for a set
of orthonormalized functionshn(x), (n = 0, 1, 2, . . .) which are the eigenfunctions of the
harmonic oscillator in the following way

hn(x) ≡ 1

π1/4
exp

(
−x

2

2

)
1√
2nn!

Hn(x) n = 0, 1, 2, . . . . (2.1)

These functions are closely related to the functions of the parabolic cylinderDν(z) by
Dn(
√

2x) = π1/4
√
n! hn(x). There is an analogy to the functions which we introduce and

investigate in the next sections, however, we will consider here the properties of Hermite
functions and some applications in quantum optics. As mentioned, the Hermite functions
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are orthonormalized and they are complete in the following way∫ +∞
−∞

dx hm(x)hn(x) = δm,n
∞∑
n=0

hn(x)hn(y) = δ(x − y). (2.2)

The Fourier transforms̃h(u) of the Hermite functions are again Hermite functions according
to

h̃n(u) ≡
∫ +∞
−∞

dx exp(−iux)hn(x) =
√

2π(−i)nhn(u). (2.3)

The Hermite functions form a basis in an infinite-dimensional Hilbert spaceH in the
realization of this Hilbert space by functions of one variable which is identical with the space
L2 of square-integrable functions. The Hermite functions satisfy the following eigenvalue
equation

1

2

(
x2− ∂2

∂x2

)
hn(x) =

(
n+ 1

2

)
hn(x) (2.4)

that is, the eigenvalue equation for an harmonic oscillator.
The importance of Hermite functions in quantum optics is connected with the property

to be the wavefunctions of the eigenstates of the number operatorN to eigenvaluesn
that means of the Fock states|n〉 in the position and momentum representation as follows
(h̄ Planck’s constant divided by 2π )

ψ(q) ≡ 〈q|n〉 = 1

h̄1/4hn

(
q√
h̄

)
ψ(p) ≡ 〈p|n〉 = (−i)n

h̄1/4 hn

(
p√
h̄

)
∫ +∞
−∞

dq ψ(q)(ψ(q))∗ =
∫ +∞
−∞

dpψ(p)(ψ(p))∗ = 1. (2.5)

We now introduce the rotation operatorR(ϕ) by (note [a, a†] = I, [Q,P ] = ih̄I )

R(ϕ) ≡ exp(iϕa†a) a ≡ Q+ iP√
2h̄

a† ≡ Q− iP√
2h̄

(2.6)

and define the rotated canonical operators(Q(ϕ), P (ϕ)) by

Q(ϕ) ≡ R(ϕ)Q(R(ϕ))† = Q cosϕ + P sinϕ

P (ϕ) ≡ R(ϕ)P (R(ϕ))† = −Q sinϕ + P cosϕ. (2.7)

The eigenstates|q;ϕ〉 of the rotated canonical operatorQ(ϕ) to real eigenvaluesq can be
related to the eigenstates|q〉 of Q to eigenvaluesq in the following way

Q(ϕ)|q;ϕ〉 = q|q;ϕ〉 Q|q〉 = q|q〉 |q;ϕ〉 = R(ϕ)|q〉. (2.8)

As a generalization of (2.5), we find the expression of〈q;ϕ|n〉 by Hermite functions

〈q;ϕ|n〉 = 〈q|(R(ϕ))†|n〉 = e−inϕ

h1/4
hn

(
q√
h̄

)
. (2.9)

The probability densities〈q;ϕ|%|q;ϕ〉 in Fock-state representation take on the form

〈q;ϕ|%|q;ϕ〉 =
∞∑
m=0

∞∑
n=0

〈q;ϕ|m〉〈m|%|n〉〈n|q;ϕ〉

= 1√
h̄

∞∑
m=0

∞∑
n=0

〈m|%|n〉 ei(n−m)ϕhm

(
q√
h̄

)
hn

(
q√
h̄

)
. (2.10)

They are closely related to the Radon transform of the Wigner quasi-probability (section 5).
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In the 2D case, one can take the products of Hermite functions

hm,n(x, y) ≡ hm(x)hn(y) m, n = 0, 1, 2, . . . (2.11)

as an orthonormalized and complete set of functions. They satisfy the eigenvalue equation
for a 2D degenerate harmonic oscillator

1

2

(
x2− ∂2

∂x2
+ y2− ∂2

∂y2

)
hm(x)hn(y) = (m+ n+ 1) hm(x)hn(y). (2.12)

In comparison to the Laguerre 2D-functions which we define in the next section, the
functionshm(x)hn(y) could be called Hermite 2D-functions. More general complete sets of
functions in the 2D case can be formed by means of the two-variable Hermite polynomials
[9, 12–14] as the substantial part.

3. Definition of Laguerre 2D-functions

One substantial part of the Laguerre 2D-functions which we will define are Laguerre
polynomialsLνn(u) (Laguerre 1878) which we use in the convention of [9]. We write
this definition of Laguerre polynomials here in the following form with complex variables
z andz∗

{m,n}∑
j=0

m!n!

j !(m− j)!(n− j)! (−c)
j zm−j z∗n−j = n!(−c)nzm−nLm−nn

(
zz∗

c

)
= m!(−c)mz∗ n−mLn−mm

(
zz∗

c

)
(3.1)

which is near to the form used in most cases. Note that different definitions of the Laguerre
polynomials were used, in particular, before the 1960s. The Laguerre polynomials are the
special caseLνn(u) = ((n + ν)!/(n!ν!)) 1F1(−n, ν + 1; u) of the confluent hypergeometric
function 1F1(a, b; u).

We now define the following set of Laguerre 2D-functionslm,n(z, z∗) [1]

lm,n(z, z
∗) ≡ 1√

π
exp

(
−zz

∗

2

)
1√
m!n!

{m,n}∑
j=0

m!n!

j !(m− j)!(n− j)! (−1)j zm−j z∗n−j (3.2)

or written by means of the Laguerre polynomials

lm,n(z, z
∗) = 1√

π
exp

(
−zz

∗

2

)
(−1)n

√
n!

m!
zm−nLm−nn (zz∗)

= 1√
π

exp

(
−zz

∗

2

)
(−1)m

√
m!

n!
z∗ n−mLn−mm (zz∗). (3.3)

Two alternative definitions of the Laguerre 2D-functions are

lm,n(z, z
∗) = 1√

π
exp

(
−zz

∗

2

)
1√
m!n!

exp

(
− ∂2

∂z∂z∗

)
zmz∗ n (3.4)

and

lm,n(z, z
∗) = 1√

π
exp

(
−zz

∗

2

)
(−1)m+n√
m!n!

exp(zz∗)
∂m+n

∂z∗m∂zn
exp(−zz∗). (3.5)

One can check that the explicit calculation of the derivatives in (3.4) and (3.5) leads to the
representation (3.2) of the Laguerre 2D-functions.
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In polar coordinates, the Laguerre 2D-functionslm,n(z, z∗) possess the following
representation

lm,n(|z| eiϕ, |z| e−iϕ) = 1√
π

exp

(
−|z|

2

2

)
ei(m−n)ϕ
√
m!n!

{m,n}∑
j=0

m!n!(−1)j

j !(m− j)!(n− j)! |z|
m+n−2j . (3.6)

In particular, the angle dependence is given here by the factor ei(m−n)ϕ and decompositions
into the set of Laguerre 2D-functions are decompositions into a Fourier series with regard
to the angle dependence. In the special casem = n, one obtains

ln,n(z, z
∗) = 1√

π
exp

(
−zz

∗

2

)
(−1)nLn(zz

∗). (3.7)

The Laguerre 2D-functions satisfy the following symmetry properties

lm,n(z, z
∗) = (ln,m(z, z∗))∗ = ln,m(z∗, z) lm,n(−z,−z∗) = (−1)m+nlm,n(z, z∗). (3.8)

The most important property of the set of Laguerre 2D-functions is to be orthonormalized
in the following way∫

i

2
dz ∧ dz∗(lk,l(z, z∗))∗lm,n(z, z∗) = δk,mδl,n (3.9)

and to satisfy the following completeness relation

∞∑
m=0

∞∑
n=0

lm,n(z, z
∗)(lm,n(w,w∗))∗ = δ(z− w, z∗ − w∗). (3.10)

The orthonormality relations can be proved in modified polar coordinates(u = |z|2, ϕ),
where after the first integration overϕ there appears a known special integral over products
of two Laguerre polynomials combined with exponential and power functions (proof, e.g.,
in [15]). In a similar way, in polar coordinates for both complex variablesz andw, the
completeness relation (3.10) can be proved. One can first separate a sum which contains
only the moduli|z| and |w| and which can be evaluated by a limiting procedure from a
known sum (equation (20) chapter 10.12 in [9], Hille–Hardy or Myller–Lebedeff formulae).
Then the remaining sum with the angles as parameters can be evaluated providing the delta
function of the difference of the angles.

The orthonormality and the completeness relation in (3.9) and (3.10), involves the
product of two Laguerre 2D-functions. We now give two useful relations involving only
one Laguerre 2D-function. The first relation is∫

i

2
dz ∧ dz∗ exp

(
r

2
zz∗
)
lm,n(z, z

∗) = 2
√
π

1− r
(

1+ r
1− r

)n
δm,n (3.11)

which can be proved by accomplishing the integration with the explicit representation of
the Laguerre 2D-functions. The second relation is

∞∑
n=0

(
1+ r
1− r

)n
ln,n(z, z

∗) = 1− r
2
√
π

exp

(
r

2
zz∗
)

(3.12)

which can be proved by means of the well known generating function of the Laguerre
polynomials.
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4. Fourier and Radon transform of Laguerre 2D-functions

We now consider two closely related transforms of a function, the Fourier and the Radon
transforms [4, 5] and apply this to the Laguerre 2D-functions. We restrict this to the two-
dimensional case. The Fourier transform̃f (w,w∗) of a functionf (z, z∗) of two complex
variablesz andz∗ can be defined in the following way

f̃ (w,w∗) ≡
∫

i

2
dz ∧ dz∗f (z, z∗) exp

{
− i

2
(w∗z+ wz∗)

}
(4.1)

and its inversion is determined by

f (z, z∗) = 1

(2π)2

∫
i

2
dw ∧ dw∗f̃ (w,w∗) exp

{
i

2
(w∗z+ wz∗)

}
. (4.2)

The Radon transformf̆ (w,w∗; c) of the functionf (z, z∗) in complex representation, we
define in the following way (for real representation see [4–6])

f̆ (w,w∗; c) ≡
∫

i

2
dz ∧ dz∗f (z, z∗)δ

{
c − 1

2
(w∗z+ wz∗)

}
c ∈ R (4.3)

wherec is an arbitrary real number. The Radon transformf̆ (w,w∗; c) depends effectively
only on two variables due to the homogeneity

|λ|f̆ (λw, λw∗; λc) = f̆ (w,w∗; c) λ ∈ R (4.4)

whereλ is an arbitrary real number. The Radon transform̆f (w,w∗; c) is a real-valued
function if f (z, z∗) is a real-valued function and it is here only given in representation by
complex variables. The representation by real variables was discussed in [6].

The Radon transform is closely related to the Fourier transform. According to (4.2) by
using (4.3), one obtains

f̃ (bw, bw∗) =
∫ +∞
−∞

dcf̆ (w,w∗; c) exp(−ibc) b ∈ R (4.5)

where b is an arbitrary real parameter. This means that one can consider the Radon
transform as an intermediate step to the Fourier transform and the Radon transform is
in the n-dimensional case ‘nearer’ to the Fourier transform than to the original function
because the last step is a one-dimensional Fourier transformation, whereas the first step
includes an(n − 1)-dimensional integration of the original function. The inversion of this
relation provides the Fourier transform in dependence on the Radon transform

f̆ (w,w∗; c) = 1

2π

∫ +∞
−∞

db f̃ (bw, bw∗) exp(ibc). (4.6)

The inversion of the original function from the Radon transform can now be established in
a two-step operation with the intermediate determination of the Fourier transform and then
with the inversion of the Fourier transform. For this purpose, we need the auxiliary integral∫ +∞

−∞
dr |r| exp(−ixr) = 2

∂

∂x
R
(

1

x

)
= −2R 1

x2
(4.7)

whereR is the symbol for canonical regularization [16] of a given expression. In particular,
canonical regularization of the expressions 1/x and 1/x2 denote generalized functions
determined by the linear functionals [6, 16](
R1

x
, ϕ(x)

)
=
∫ +∞
−∞

dxRϕ(x)
x
=
∫ +∞

0
dx
ϕ(x)− ϕ(−x)

x(
R 1

x2
, ϕ(x)

)
=
∫ +∞
−∞

dxRϕ(x)
x2
=
∫ +∞

0
dx
ϕ(x)+ ϕ(−x)− 2ϕ(0)

x2
(4.8)
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where ϕ(x) denotes arbitrary basis or multiplicator functions. Canonical regularization
of 1/x is identical with the principal value of 1/x. As an example, [6] considers
ϕ(x) = exp(−x2) which shows thatR(1/x2) is not a positively definite generalized function.
By means of this auxiliary generalized function, the inversion of the primary function from
its Radon transform can be represented in the following two forms

f (z, z∗) = − 1

2π2

∫
i

2
dw ∧ dw∗R |c|f̆ (w,w∗; c)

(c − (1/2)(w∗z+ wz∗))2

= − 1

2π2

∫ π

0
dϕ
∫ +∞
−∞

dcR |w|2f̆ (|w| eiϕ, |w| e−iϕ; c)
(c − (|w|/2)(e−iϕz+ eiϕz∗))2

. (4.9)

We now consider the influence of argument transformations in the original function onto
the Fourier and Radon transforms. An argument displacement in the original function leads
to

f (z, z∗)→ f (z− z0, z
∗ − z∗0)

⇔ f̃ (w,w∗)→ exp

{
− i

2
(w∗z0+ wz∗0)

}
f̃ (w,w∗)

⇔ f̆ (w,w∗; c)→ f̆

(
w,w∗; c − 1

2
(w∗z0+ wz∗0)

)
. (4.10)

The multiplication of the arguments with a complex numberκ leads to the correspondences

f (z, z∗)→ f (κz, κ∗z∗)

⇔ f̃ (w,w∗)→ 1

κκ∗
f̃

(
w

κ∗
,
w∗

κ

)
⇔ f̆ (w,w∗; c)→ 1

κκ∗
f̆

(
w

κ∗
,
w∗

κ
; c
)
= f̆ (κw, κ∗w∗; κκ∗c). (4.11)

More generally, ifA is a non-singular matrix(|A| 6= 0) which transforms(z, z∗) according
to (

z′

z′∗

)
= A

(
z

z∗

)
=
(
Azz, Azz∗

Az∗z, Az∗z∗

)(
z

z∗

)
(4.12)

then one finds the following correspondences

f (z, z∗)→ f (Azzz+ Azz∗z∗, Az∗zz+ Az∗z∗z∗)
⇔ f̃ (w,w∗)→ 1

|A| f̃ (wA
−1
z∗z∗ + w∗A−1

zz∗ , wA
−1
z∗z + w∗A−1

zz )

⇔ f̆ (w,w∗; c)→ 1

|A| f̆ (wA
−1
z∗z∗ + w∗A−1

zz∗ , wA
−1
z∗z + w∗A−1

zz ; c)

= f̆ (wAzz − w∗Azz∗ ,−wAz∗z + w∗Az∗z∗ ; |A|c) (4.13)

with the inverse matrixA−1 to A given by

A−1 =
(
A−1
zz , A−1

zz∗

A−1
z∗z, A−1

z∗z∗

)
= 1

|A|
(
Az∗z∗ , −Azz∗
−Az∗z, Azz

)
. (4.14)

In its quantum-mechanical application to the Radon transform of the Wigner quasi-
probability, squeezing transformations of states lead to symplectic transformations of
the arguments in the Wigner quasi-probability and corresponding inverse symplectic
transformations which are again symplectic transformations in its Fourier and Radon
transforms [6].
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We now consider the convolution of two functionsg(z, z∗) andh(z, z∗) according to

f (z, z∗) = g(z, z∗) ∗ h(z, z∗) =
∫

i

2
dz′ ∧ dz′∗g(z′, z′∗)h(z− z′, z∗ − z′∗). (4.15)

The Fourier transform off (z, z∗) is then the product of the Fourier transforms ofg(z, z∗)
andh(z, z∗) according to

f̃ (w,w∗) = g̃(w,w∗)h̃(w,w∗). (4.16)

From the connection of the Radon transform with the Fourier transform (4.5) and its
inversion (4.6), it follows

f̆ (w,w∗; c) =
∫ +∞
−∞

dc′
∫ +∞
−∞

dc′′ δ(c − c′ − c′′)ğ(w,w∗; c′)h̆(w,w∗; c′′)

=
∫ +∞
−∞

dc′ ğ(w,w∗; c′)h̆(w,w∗; c − c′). (4.17)

This is a one-dimensional convolution of the Radon transformsğ(w,w∗; c) andh̆(w,w∗; c)
with regard to the variablec.

We now consider the specialization to the Laguerre 2D-functions. The Fourier
transforms l̃m,n(w,w∗) of the Laguerre 2D-functions are again Laguerre 2D-functions
according to

l̃m,n(w,w
∗) ≡

∫
i

2
dz ∧ dz∗lm,n(z, z∗) exp

{
− i

2
(w∗z+ wz∗)

}
= 2π(−i)m+nlm,n(w,w∗). (4.18)

This property is similar to the corresponding property of Hermite functions. It can be
proved by using the explicit representation of the Laguerre 2D-functions defined in (3.2).
The Radon transform of the Laguerre 2D-functions can be obtained by the transition from
the Fourier transform. According to (4.6) and (4.7) one has to evaluate the following integral

l̆m,n(w,w
∗; c) = (−i)m+n

∫ +∞
−∞

db lm,n(bw, bw
∗) exp(ibc). (4.19)

This is made in appendix A. The result has a simple product structure

l̆m,n(w,w
∗; c) =

√
2

ww∗
exp

(
− c2

2ww∗

)(√
w

w∗

)m−n
1√

2m+nm!n!

×Hm
(

c√
2ww∗

)
Hn

(
c√

2ww∗

)
(4.20)

or written by means of the Hermite functionshn(x) defined in (2.1)

l̆m,n(w,w
∗; c) =

√
2π

ww∗

(√
w

w∗

)m−n
hm

(
c√

2ww∗

)
hn

(
c√

2ww∗

)
. (4.21)

It is normalized according to∫ +∞
−∞

dc l̆m,n(w,w
∗; c) = l̃m,n(0, 0) =

∫
i

2
dz ∧ dz∗lm,n(z, z∗) = 2

√
πδm,n. (4.22)

The structure of the Radon transform of the Laguerre functions as a product of Hermite
functions combined with angle functions finds a natural explanation in application to the
Wigner quasi-probability and its Fourier and Radon transform (section 8).
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5. Differential equations for the Laguerre 2D-functions and Heisenberg–Weyl algebra
w(2,R)

We now derive the basic differential equations for the set of Laguerre 2D-functions. The
starting point is the following known differential equation for the associated Laguerre
polynomialsLνn(u) which can be verified by means of the explicit representations{

∂

∂u
u
∂

∂u
+ (ν − u) ∂

∂u
+ n

}
Lνn(u) = 0. (5.1)

We now introduce modified polar coordinates(u, ϕ) with the following connections to
(z, z∗)

z = √u eiϕ z∗ = √u e−iϕ u = zz∗ eiϕ =
√
z

z∗
. (5.2)

This leads to
1

z∗
∂

∂z
= ∂

∂u
− i

2u

∂

∂ϕ

1

z

∂

∂z∗
= ∂

∂u
+ i

2u

∂

∂ϕ

∂

∂u
= 1

2

(
1

z∗
∂

∂z
+ 1

z

∂

∂z∗

)
1

u

∂

∂ϕ
= i

(
1

z∗
∂

∂z
− 1

z

∂

∂z∗

)
(5.3)

and to the following operator

∂2

∂z∂z∗
= ∂

∂u
u
∂

∂u
+ 1

4u

∂2

∂ϕ2
. (5.4)

The differential equation (5.1) can now be represented in the following form{
∂2

∂z∂z∗
+ m− n− zz

∗

2

(
1

z∗
∂

∂z
+ 1

z

∂

∂z∗

)
+ n

}
Lm−nn (zz∗) = 0 (5.5)

and, additionally, the Laguerre polynomialsLm−nn (zz∗) satisfy the equation(
1

z∗
∂

∂z
− 1

z

∂

∂z∗

)
Lm−nn (zz∗) = 0 (5.6)

due to the independence ofLm−nn (zz∗) on the angleϕ. By using this, one finds the following
differential equation for the Laguerre 2D-functions{

∂2

∂z∂z∗
− zz

∗

4
+ m+ n+ 1

2

}
lm,n(z, z

∗) = 0. (5.7)

Furthermore, one finds that they satisfy the following eigenvalue equation for the operator
−i∂/∂ϕ expressed by the variable(z, z∗)(

z
∂

∂z
− z∗ ∂

∂z∗

)
lm,n(z, z

∗) = (m− n) lm,n(z, z∗). (5.8)

One can write equation (5.7) as the following eigenvalue equation(
zz∗

2
− 2

∂2

∂z∂z∗

)
lm,n(z, z

∗) = (m+ n+ 1) lm,n(z, z
∗). (5.9)

The operator on the left-hand side is the Hamiltonian operator for a degenerate 2D harmonic
oscillator with frequenciesω1 = ω2 ≡ ω divided by h̄ω. The Laguerre 2D-functions
lm,n(z, z

∗) are eigensolutions of this operator to eigenvalues(m + n + 1). This operator
alone cannot discriminate with regard to its eigensolutions between differentm andn but
only between different sums(m + n). One can therefore form linear combinations of the
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Laguerre 2D-functionslm,n(z, z∗) with equal sum(m+ n) which are also eigensolutions of
this operator to the same eigenvalue. A full discrimination between differentm andn can
be obtained if, additionally to (5.9) we use the eigenvalue equation (5.8) for the operator
−i∂/∂ϕ expressed by(z, z∗). Due to this degeneracy, one can consider combinations of the
eigenvalue equations (5.8) and (5.9) and obtain in this way other eigenvalue equations for
the Laguerre 2D-functions.

One can introduce more basic operators for the Laguerre 2D-functions such as
annihilation and creation operators. By using the explicit representations for the Laguerre
2D-functions, one proves (abstract representation→ concrete realization)

a+lm,n =
√
m lm−1,n→

(
z∗

2
+ ∂

∂z

)
lm,n(z, z

∗) = √m lm−1,n(z, z
∗)

a−lm,n =
√
n lm,n−1→

(
z

2
+ ∂

∂z∗

)
lm,n(z, z

∗) = √n lm,n−1(z, z
∗) (5.10)

as well as

a
†
+lm,n =

√
m+ 1 lm+1,n→

(
z

2
− ∂

∂z∗

)
lm,n(z, z

∗) = √m+ 1 lm+1,n(z, z
∗)

a
†
−lm,n =

√
n+ 1 lm,n+1→

(
z∗

2
− ∂

∂z

)
lm,n(z, z

∗) = √n+ 1 lm,n+1(z, z
∗). (5.11)

The introduced operators satisfy the commutation relations

[a+, a
†
+] = I →

[
z∗

2
+ ∂

∂z
,
z

2
− ∂

∂z∗

]
= 1

[a−, a
†
−] = I →

[
z

2
+ ∂

∂z∗
,
z∗

2
− ∂

∂z

]
= 1

[a+, a
†
−] = 0→

[
z∗

2
+ ∂

∂z
,
z∗

2
− ∂

∂z

]
= 0

[a−, a
†
+] = 0→

[
z

2
+ ∂

∂z∗
,
z

2
− ∂

∂z∗

]
= 0

[a+, a−] = 0→
[
z∗

2
+ ∂

∂z
,
z

2
+ ∂

∂z∗

]
= 0

[a†+, a
†
−] = 0→

[
z

2
− ∂

∂z∗
,
z∗

2
− ∂

∂z

]
= 0. (5.12)

These relations show thatz∗/2+ ∂/∂z and z/2+ ∂/∂z∗ are annihilation operators for the
Laguerre 2D-functions which reduce one of the indices in unit steps, andz/2 − ∂/∂z∗
and z∗/2 − ∂/∂z are creation operators which increase one of the indices in unit steps.
The relations (5.12) imply that the 5 operatorsa+ → z∗/2+ ∂/∂z, a†+ → z/2− ∂/∂z∗,
a− → z/2+ ∂/∂z∗, a†− → z∗/2− ∂/∂z, I → 1 are closed with regard to the commutation
relations. Therefore, they form a realization of an abstract 5D Lie algebra by multiplication
and differentiation operators which is the Lie algebra to the Heisenberg–Weyl groupW(2,R)
or to its complex extensionW(2,C) for a two-mode system and the Laguerre 2D-functions
form a certain basis for this realization of the Heisenberg–Weyl algebraw(2,R) or for its
complex extensionw(2,C) [7] (see [8] for notion of Heisenberg–Weyl algebra and group).
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The operator of the eigenvalue equation (5.9) can be formed by the basis operators of this
Heisenberg–Weyl algebra as follows

1

2
(a+a

†
+ + a†+a+ + a−a†− + a†−a−)

→ 1

2

{(
z∗

2
+ ∂

∂z

)(
z

2
− ∂

∂z∗

)
+
(
z

2
− ∂

∂z∗

)(
z∗

2
+ ∂

∂z

)
+
(
z

2
+ ∂

∂z∗

)(
z∗

2
− ∂

∂z

)
+
(
z∗

2
− ∂

∂z

)(
z

2
+ ∂

∂z∗

)}
= zz∗

2
− 2

∂2

∂z∂z∗

(5.13)

and, analogously, the operator of equation (5.8)

a+a
†
+ − a−a†− → z

∂

∂z
− z∗ ∂

∂z∗
. (5.14)

These operators are only two of ten independent operators which can be formed by quadratic
combinations of the basic operators given in (5.10) and (5.11) and which form the Lie algebra
sp(4,R) to the symplectic groupSp(4,R) in the 4D phase space [17] or its complex
extensionSp(4,C). This group contains interesting subgroups as, for example, the 3D
group SU(2) and ‘physically’ different groupsSU(1, 1) (for each of the two modes and
for mixing of the two modes). The groupSU(2) is the group of the transformations of
the two modes by lossless beam splitting [18]. The different groupsSU(1, 1) are groups
of squeezing transformations of each of the modes separately or of two-mode squeezing,
correspondingly [17]. If one uses the Laguerre 2D-functions as basis functions of the 2D
harmonic oscillator, the mentioned subgroups ofSp(4,R) and the whole groupSp(4,R)
generate transformations of these basis functions which we, however, do not investigate in
the present paper.

By using both the eigenvalue equations (5.8) and (5.9), one can prove in a standard
way that the Laguerre 2D-functionslk,l(z, z∗) and lm,n(z, z∗) are orthogonal to each other
for k 6= m or l 6= n in the sense of equation (3.9). The value of the integral fork = m and
l = n and therefore the normalization has to be calculated then in a direct way by using the
definition of the Laguerre 2D-functions with the result given in (3.9).

6. Real representation of Laguerre 2D-functions

We now derive the real representation of Laguerre 2D-functions. The first step is to obtain
the real representation of powerszmz∗n in the following way (derivation in appendix B)

(x + iy)m(x − iy)n =
m+n∑
j=0

(i2)jP (m−j,n−j)j (0)xm+n−j yj (6.1)

whereP (k,l)j (u) denotes the Jacobi polynomials (Jacobi 1859). The next step is to write
the form (3.4) of the definition of the Laguerre 2D-functions by real variables and to apply
(6.1) that leads to

lm,n(x + iy, x − iy) = 1√
π

exp

(
−x

2+ y2

2

)
1√
m!n!

× exp

{
−1

4

(
∂2

∂x2
+ ∂2

∂y2

)}
(x + iy)m(x − iy)n
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= 1√
π

exp

(
−x

2+ y2

2

)
1√
m!n!

exp

{
−1

4

(
∂2

∂x2
+ ∂2

∂y2

)}
×
m+n∑
j=0

(i2)jP (m−j,n−j)j (0)xm+n−j yj . (6.2)

We now use the following representation of the Hermite polynomials [19] (found earlier in
[20])

Hn(x) = exp

(
−1

4

∂2

∂x2

)
(2x)n =

[n/2]∑
k=0

(−1)kn!

k!(n− 2k)!
(2x)n−2k (6.3)

which can be checked immediately by explicit calculation of the derivatives after Taylor
series expansion of the exponential (convolution) operator applied to the asymptotics of
the Hermite polynomials. By using this, we obtain the following real representation of the
Laguerre 2D-functions

lm,n(x + iy, x − iy) = 1√
π

exp

(
−x

2+ y2

2

)
1

2m+n
√
m!n!

×
m+n∑
j=0

(i2)jP (m−j,n−j)j (0)Hm+n−j (x)Hj (y). (6.4)

This can be represented by means of the Hermite functions in the following way

lm,n(x + iy, x − iy)= 1√
2m+nm!n!

m+n∑
j=0

(i2)jP (m−j,n−j)j (0)
√
(m+ n− j)!j ! hm+n−j (x)hj (y)

(6.5)

and the inversion of this relation by analogy to (B.3) and (B.4) leads to

hm(x)hn(y)= (−i)n√
2m+nm!n!

m+n∑
j=0

2jP (m−j,n−j)j (0)
√
(m+ n− j)!j ! lm+n−j,j (x + iy, x − iy).

(6.6)

Thus, we have obtained the real representation of the Laguerre 2D-functions by superposition
of Hermite 2D-functions and its inversion. These relations show again that Laguerre
2D-functions lm,n(z, z∗) as well as Hermite 2D-functionshm(x)hn(y) are eigensolutions
of the two-dimensional degenerate harmonic oscillator to eigenvalues(m+ n+ 1) and only
a further eigenvalue equation can discriminate between differentm andn.

The values of the Jacobi polynomials taken for zero argument 2jP
(m−j,n−j)
j (0) are

(positive or negative) integers. In the general case, they are not representable by a closed
formula of the multiplicative type. We have checked this by decomposition into prime
factors by means of a computer, where for small numbers of(j,m, n) there appear, in
an irregular way, high prime factors which make the existence of a closed formula of
the mentioned type impossible. However, in the case of equal upper indices, we have the
following simple representation for even lower indices (binomial coefficients) and odd lower
indices (vanishing) obtained from relations to certain Gegenbauer and Legendre polynomials
[14]

P
(l,l)

2k (0) = (−1)k(2k + l)!
22kk!(k + l)! P

(l,l)

2k+1(0) = 0⇒ (i2)2kP (n−2k,n−2k)
2k (0) = n!

k!(n− k)! (6.7)



Laguerre 2D-functions in quantum optics 8279

for arbitrary integerk. This means that in case ofm = n, the Laguerre 2D-functions possess
the following relation to products of Hermite functions

ln,n(x + iy, x − iy) = 1

2nn!

n∑
k=0

n!

k!(n− k)!
√
(2n− 2k)!(2k)! h2n−2k(x)h2k(y) (6.8)

and products of Hermite functions of the same index can be represented by Laguerre
2D-functions according to

hn(x)hn(y) = (−i)n

2nn!

n∑
k=0

(−1)kn!

k!(n− k)!
√
(2n− 2k)!(2k)! l2n−2k,2k(x + iy, x − iy). (6.9)

By comparison of (6.8) with (3.7) and (2.1), one obtains the identity

Ln(x
2+ y2) = (−1)n

22nn!

n∑
k=0

n!

k!(n− k)!H2n−2k(x)H2k(y). (6.10)

This is a known identity [9] (factor 1/22n is absent there). The generalization of this identity
taken from (3.3) and (6.5) is

(−1)nn!(x + iy)m−nLm−nn (x2+ y2) = (−1)mm!(x − iy)n−mLn−mm (x2+ y2)

= 1

2m+n

m+n∑
j=0

(i2)jP (m−j,n−j)j (0)Hm+n−j (x)Hj (y). (6.11)

The known special case wherem = n given in (6.10) involves only the even Hermite
polynomials on the right-hand side, whereas we have here involved all Hermite polynomials
from index 0 on up to the maximal index(m+ n). From the inversion of the relation (6.5)
in (6.6) it follows if we use the definition of the Hermite functions in (2.1) and of the
Laguerre 2D-functions in (3.2) that

Hm(x)Hn(y) = (−i)n
m+n∑
j=0

(−2)jP (m−j,n−j)j (0)j !(x + iy)m+n−2jL
m+n−2j
j (x2+ y2)

= in(−1)m
m+n∑
j=0

(−2)jP (m−j,n−j)j (0)

×(m+ n− j)!(x − iy)2j−m−nL2j−m−n
m+n−j (x

2+ y2). (6.12)

In the special casem = n by using (6.7) this leads to the following identity

Hn(x)Hn(y) = (−i)n
n∑
k=0

(−1)kn!

k!(n− k)! (2k)!(x + iy)2(n−2k)L
2(n−2k)
2k (x2+ y2)

= (−i)n
n∑
k=0

(−1)kn!

k!(n− k)! (2n− 2k)!(x − iy)2(2k−n)L2(2k−n)
2n−2k (x

2+ y2). (6.13)

which can be also obtained from (6.9).
By multiplication of (6.5) with(lk,l(x+iy, x−iy))∗, integration over the two-dimensional

space of coordinates(x, y) and by using the orthonormality of the Laguerre 2D-functions
and of the Hermite functions, one obtains the following identity checked by computer

1

2m+nm!n!

m+n∑
j=0

4j (m+ n− j)!j !P (m+n−l−j,l−j)j (0)P (m−j,n−j)j (0) = δl,n (6.14)

independently of the integer valuem.
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The two differential equations (5.8) and (5.9) for the Laguerre 2D-functions are

i

(
y
∂

∂x
− x ∂

∂y

)
lm,n(x + iy, x − iy) = (m− n)lm,n(x + iy, x − iy) (6.15)

and

1

2

(
x2+ y2− ∂2

∂x2
− ∂2

∂y2

)
lm,n(x + iy, x − iy) = (m+ n+ 1)lm,n(x + iy, x − iy). (6.16)

This is the real representation of the eigenvalue equation for a two-dimensional harmonic
oscillator. The Laguerre 2D-functions and the Hermite 2D-functions form only two different
bases in the realization of the Heisenberg–Weyl algebraw(2,R) by functions of two
variables(z, z∗) or (x, y). They are related to each other as the basis of two opposite
circular polarized modes to the basis of two perpendicular linearly polarized modes. This
suggests that it should be possible to introduce a more general set of 2D-functions which
makes the continuous transition from the Laguerre 2D-functions to the Hermite 2D-functions
for a two-dimensional degenerate harmonic oscillator and which corresponds to two opposite
elliptically polarized modes. We do not try to make this in the present paper.

7. Fock-state representation of the quasi-probabilities by Laguerre 2D-functions

We now consider applications of the Laguerre 2D-functions in quantum optics. By using this
set of functions, the class of quasi-probabilitiesF(0,0,r)(α, α∗) with the ordering parameter
r [29] can be represented in the following way

F(0,0,r)(α, α
∗) = 2√

π(1+ r) exp

(
2r αα∗

1− r2

)
×
∞∑
m=0

∞∑
n=0

〈m|%|n〉
(√

1− r
1+ r

)m+n
ln,m

(
2α√

1− r2
,

2α∗√
1− r2

)
. (7.1)

If we insert the explicit form of the Laguerre 2D-functions given in (3.2) and (3.3), we come
to a known form of these quasi-probabilities and although we do not give the derivations
here [3] (see also [1]). We mention here that forr = 0, we get the Wigner quasi-probability
W(α, α∗), for r = 1 the coherent-state (or Husimi–Kano) quasi-probabilityQ(α, α∗) and for
r = −1 the most singular Glauber–Sudarshan quasi-probabilityP(α, α∗). For both cases
r = ±1 they have to be considered as limiting cases in (7.1), where the caser = +1 is
unproblematic contrary to the case wherer = −1.

The orthonormality (3.9) and completeness (3.10) of the Laguerre 2D-functions provide
immediately the inversion of (7.1) that means the Fock-state matrix elements determined
by the quasi-probabilities

〈m|%|n〉 = 2
√
π

1− r
(√

1+ r
1− r

)m+n ∫ i

2
dα ∧ dα∗F(0,0,r)(α, α∗)

× exp

(
−2r αα∗

1− r2

)
lm,n

(
2α√

1− r2
,

2α∗√
1− r2

)
. (7.2)

In the special case of the Wigner quasi-probabilityr = 0, one obtains

W(α, α∗) = 2√
π

∞∑
m=0

∞∑
n=0

〈m|%|n〉 ln,m(2α, 2α∗) (7.3)
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with the inversion

〈m|%|n〉 = 2
√
π

∫
i

2
dα ∧ dα∗W(α, α∗)lm,n(2α, 2α∗). (7.4)

This shows that the Wigner quasi-probabilityW(α, α∗) in Fock-state representation is almost
directly determined by the set of Laguerre 2D-functions with the Fock-state matrix elements
as coefficients.

The Glauber–Sudarshan quasi-probabilityP(α, α∗) corresponding tor = −1 can be
represented by the following limiting procedure by settingr = −√1− 4ε,⇒ ε = (1−r2)/4
in (7.1)

P(α, α∗) = lim
ε→0

{
1√
πε

exp

(
αα∗ − αα

∗

2ε

) ∞∑
m=0

∞∑
n=0

〈m|%|n〉
(
√
ε)m+n

ln,m

(
α√
ε
,
α∗√
ε

)}
(7.5)

that leads to a superposition of two-dimensional delta functions and their derivatives
[19]. Pěrina and Mǐsta [21, 22] (see also [23] and [24, 25]) introduced a
‘regularized’ representation of the Glauber–Sudarshan quasi-probabilityP(α, α∗) by
Laguerre polynomials. It is of a similar structure as (7.5) without a limiting procedure but
therefore with changed matrix elements as coefficients. It can be represented in a favourable
way by means of the Laguerre 2D-functions where their orthonormality properties can be
used for its derivation. In this way, one finds the following modified representation of the
Pěrina–Mišta representation [1]

P(α, α∗) = 1√
π ε

exp

(
αα∗ − αα

∗

2ε

) ∞∑
m=0

∞∑
n=0

%m,n(ε)

(
√
ε)m+n

ln,m

(
α√
ε
,
α∗√
ε

)
(7.6)

with the following definition of the new matrix elements%m,n(ε) together with their inversion
(found by Pěrina and coworkers [24, 25] and represented in the present form in [1])

%m,n(ε) ≡
{m,n}∑
k=0

√
m!n! (−ε)k

k!
√
(m− k)!(n− k)! 〈m− k|%|n− k〉

〈m|%|n〉 =
{m,n}∑
l=0

√
m!n! εl

l!
√
(m− l)!(n− l)! %m−l,n−l(ε). (7.7)

We have represented the quasi-probabilities up to now by complex coordinates(α, α∗).
These complex coordinates(α, α∗) are connected with the canonical coordinates(q, p) in
quantum optics by

α = q + ip√
2h̄
≡ z√

2h̄
α∗ = q − ip√

2h̄
≡ z∗√

2h̄
. (7.8)

This means that we identify the real coordinates(x, y) in the general treatment with
the canonical coordinates(q, p) in quantum optics. By inserting the connection (6.4) or
(6.5) between Laguerre 2D-functions and Hermite 2D-functions into (7.1), one obtains a
new representation for the quasi-probabilitiesF(0,0,r)(q, p) in canonical coordinates(q, p).
Taking into account the normalization of these quasi-probabilities with the integration
measure dq ∧ dp and the connection(i/2) dα ∧ dα∗ = dq ∧ dp/(2h̄) one obtains for
the representation in canonical coordinates

F(0,0,r)(q, p) = 1

h̄π(1+ r) exp

(
− q

2+ p2

h̄(1+ r)
) ∞∑
m=0

∞∑
n=0

〈m|%|n〉
(√

1− r
1+ r

)m+n 1

2m+n
√
m!n!

×
m+n∑
j=0

(i2)jP (n−j,m−j)j (0)Hm+n−j

(√
2

h̄(1− r2)
q

)
Hj

(√
2

h̄(1− r2)
p

)
(7.9)
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and, in particular, for the Wigner quasi-probabilityW(q, p) corresponding tor = 0

W(q, p) = 1

h̄π
exp

(
−q

2+ p2

h̄

) ∞∑
m=0

∞∑
n=0

〈m|%|n〉 1

2m+n
√
m!n!

×
m+n∑
j=0

(i2)jP (n−j,m−j)j (0)Hm+n−j

(√
2

h̄
q

)
Hj

(√
2

h̄
p

)
. (7.10)

The special case of this representation of the Wigner quasi-probability for a Fock state
% = |n〉〈n| which can be directly obtained from its representation by Laguerre polynomials
by using the known relation (6.10) possesses in representation by the Hermite polynomials
the form

% = |n〉〈n| ⇔ W(q, p) = 1

h̄π
exp

(
− q

2+ p2

h̄

)
1

22nn!

×
n∑
k=0

n!

k!(n− k)!H2n−2k

(√
2

h̄
q

)
H2k

(√
2

h̄
p

)
(7.11)

which is derived in [26] (see also [17], equation (3.51)). The inversion formulae (7.3) and
(7.4) can be represented in an analogous way by Hermite polynomials instead of Laguerre
2D-functions.

The above considerations show that the Laguerre 2D-functions are very appropriate for
the representation of the quasi-probabilities in the Fock-state basis and for their inversion.

8. Radon transform of the Wigner quasi-probability

The Radon transform of the Wigner quasi-probability or of a more smoothed quasi-
probability is the main object of quantum tomography for the reconstruction of states by
means of the Wigner quasi-probability or of the density operator from measured quadrature
distributions [27, 28] (see also [10]). The Radon transformW̆ (u, v; c) of the Wigner quasi-
probabilityW(q, p) in canonical coordinates is defined by [6]

W̆ (u, v; c) ≡
∫

dq ∧ dp δ(c − uq − vp)W(q, p) (8.1)

and it is connected with the rotated quadrature components considered in section 2 in the
following way

W̆ (cosϕ, sinϕ; q) = 〈q;ϕ|%|q;ϕ〉. (8.2)

The Fock-state representation of the Wigner quasi-probability (7.3) written by means
of the complex variables(z, z∗) according to (7.8) and normalized with the measure
(i/2) dz ∧ dz∗ instead of(i/2) dα ∧ dα∗ is now

1

2h̄
W

(
z√
2h̄
,
z∗√
2h̄

)
= 1

h̄
√
π

∞∑
m=0

∞∑
n=0

〈m|%|n〉ln,m
(√

2

h̄
z,

√
2

h̄
z∗
)
. (8.3)

We have already calculated the Radon transform of the Laguerre 2D-functions in
equations (4.20) or (4.21). Taking into account the stretch factor according to (4.11), the
Radon transform of this function is

W̆ (w,w∗; c) ≡ 1

2h̄

∫
i

2
dz ∧ dz∗ δ

(
c − 1

2

(
w∗z+ wz∗))W (

z√
2h̄
,
z∗√
2h̄

)
= 1√

h̄ww∗

∞∑
m=0

∞∑
n=0

〈m|%|n〉
(√

w

w∗

)n−m
hm

(
c√
h̄ww∗

)
hn

(
c√
h̄ww∗

)
. (8.4)
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Expressed by means of the Hermite polynomials, this takes on the form

W̆ (w,w∗; c) = 1√
πh̄ww∗

exp

(
− c2

h̄ww∗

) ∞∑
m=0

∞∑
n=0

〈m|%|n〉

×
(√

w

w∗

)n−m
1√

2m+nm!n!
Hm

(
c√
h̄ww∗

)
Hn

(
c√
h̄ww∗

)
. (8.5)

In this form, we can setw = u + iv andw∗ = u − iv and we obtain immediately by
this substitution the real representation̆W(u, v; c) of the Radon transform of the Wigner
quasi-probabilityW(q, p) in canonical coordinates(q, p). From this form, one finds
W̆ (cosϕ, sinϕ; q) by specialization (cf equation (2.10)), however, it is more effective
to possess the formW̆ (u, v; c) or W̆ (w,w∗; c) of the Radon transform of the Wigner
quasi-probability because displacement and squeezing transformations of the states lead to
simple transformations of the arguments(u, v; c) or (w,w∗; c) of the Radon transform
and it is not necessary to make the more difficult calculations for these states anew. In
particular, squeezing of the states leads to symplectic transformations of the variables(u, v)

or (w,w∗) which do not preserve the angles. These transformations are explicitly given
in [6] together with an example. Therefore, it is irrational to work from the beginning
with the specializationW̆ (cosϕ, sinϕ; q) in which the angles explicitly appear and which
is difficult to transform. On the other side, it is easy to obtainW̆ (cosϕ, sinϕ; q) from the
generalW̆ (u, v; c) by using the homogeneity condition (4.4) after division of the arguments
by u2+ v2 = ww∗, whereas the inverse transition is not as simple to carry out.

9. Fock-state representation of the displacement operator and scalar product of
displaced Fock states

The unitary displacement operatorD(α, α∗) as the essential part of the general element of
the Heisenberg–Weyl groupW(1,R) is defined by [2]

D(α, α∗) ≡ exp(αa† − α∗a). (9.1)

The matrix elements of this displacement operator are almost directly given by the Laguerre
2D-functions [8]. We do not calculate them here (e.g., [3, 8]) but mention the following.
The action of the displacement operatorD(α, α∗) onto Fock states|n〉 provides by definition
the displaced Fock states|α, n〉 (e.g, [11])

|α, n〉 ≡ D(α, α∗)|n〉 〈α, n| ≡ 〈n|(D(α, α∗))†. (9.2)

The scalar product of displaced Fock states is calculated in [11] (equation (3.11) there) and
takes on the following form in representation by the Laguerre 2D-functions

〈β,m|α, n〉 = (−1)n
√
π exp{ 12(αβ∗ − α∗β)}lm,n(α − β, α∗ − β∗). (9.3)

The matrix element〈m|D(α, α∗)|n〉 of the displacement operator is the special caseβ = 0
of the general scalar product of displaced Fock states〈β,m|α, n〉. Therefore, one obtains
for these matrix elements

〈m|D(α, α∗)|n〉 = 〈m|α, n〉 = (−1)n
√
πlm,n(α, α

∗). (9.4)

The displacement operatorD(α, α∗) is connected with the Heisenberg–Weyl groupW(1,R),
whereas the Laguerre 2D-functions are simply connected with the Heisenberg–Weyl group
W(2,R) as was shown in sections 5 and 6. Nevertheless, the Laguerre 2D-functions can
often be applied to problems which are not directly connected with the last mentioned group.
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10. Conclusion

We have derived basic relations for a two-dimensional orthonormalized set of functions
lm,n(z, z

∗) which is called the set of Laguerre 2D-functions and have applied this to the quasi-
probabilities in Fock-state representation. The derived relations include the Fourier and
Radon transform of the Laguerre 2D-functions. It was shown that the Laguerre 2D-functions
are eigensolutions of the differential equation for a two-dimensional degenerate harmonic
oscillator (equal frequencies) and that they form a basis for a realization of the Heisenberg–
Weyl algebraw(2,R). Further relations are established between Laguerre 2D-functions and
superpositions of products of two Hermite functions and their inversion was found. These
are relations between the different bases of circular and linear polarization of a two-mode
system. Due to the orthonormalization and completeness of the Laguerre 2D-functions they
find interesting applications in problems with two or more variables. We considered here
applications in quantum optics to the two-dimensional phase space of one mode.

Appendix A. Radon transform of Laguerre 2D-functions

We present in this appendix the calculation of the Radon transform of the Laguerre
2D-functions.

First, we evaluate auxiliary integrals which lead to Hermite polynomials as follows

1√
πa

∫ +∞
−∞

dx exp

(
− (x − x0)

2

a2

)
xn

= 1√
πa

∫ +∞
−∞

dy exp

(
−y

2

a2

)
(x0+ y)n

=
[n/2]∑
l=0

n!

(2l)!(n− 2l)!
xn−2l

0

1√
πa

∫ +∞
−∞

dy exp

(
−y

2

a2

)
y2l

=
[n/2]∑
l=0

n!

l!(n− 2l)!
xn−2l

0

(
a

2

)2l

=
(
∓ i
a

2

)n
Hn

(
± i
x0

a

)
. (A.1)

Now, by applying these integrals, one obtains the Radon transform of the Laguerre
2D-functions by the following chain of identities

l̆m,n(w,w
∗; c) = 2π(−i)m+n

1

2π

∫ +∞
−∞

db lm,n(bw, bw
∗) exp(ibc)

= 1√
π

exp

(
− c2

2ww∗

)
(−i)m+n√
m!n!

{m,n}∑
j=0

m!n!(−1)j

j !(m− j)!(n− j)!w
m−jw∗ n−j

×
∫ +∞
−∞

db exp

{
− ww

∗

2

(
b − i

c

ww∗

)2}
bm+n−2j

=
√

2

ww∗
exp

(
− c2

2ww∗

)(√
w

w∗

)m−n
× 1√

2m+nm!n!

{m,n}∑
j=0

m!n!2j

j !(m− j)!(n− j)!Hm+n−2j

(
c√

2ww∗

)
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=
√

2

ww∗
exp

(
− c2

2ww∗

)(√
w

w∗

)m−n
1√

2m+nm!n!

×Hm
(

c√
2ww∗

)
Hn

(
c√

2ww∗

)
. (A.2)

This can be written by means of Hermite functions as follows

l̆m,n(w,w
∗; c) =

√
2π

ww∗

(√
w

w∗

)m−n
hm

(
c√

2ww∗

)
hn

(
c√

2ww∗

)
. (A.3)

This Radon transform possesses a simple product structure with factors depending onm

andn but without coupling terms between them.

Appendix B. Relations between products of powers of the real and complex variables

The relations between the products of power functions of the real variables(x, y) and of the
complex variables(z, z∗) are easy to obtain and to represent in a compact manner if one only
looks to the explicit form of Jacobi polynomials for a possible representation of the arising
coefficients. In preparation of this, we write down the following explicit representation of
Jacobi polynomialsP (α,β)j (u) [9]

P
(α,β)

j (u) =
(
u− 1

2

)j j∑
k=0

(j + α)!(j + β)!
k!(j − k)!(j + α − k)!(β + k)!

(
u+ 1

u− 1

)k
. (B.1)

Now, by applying the binomial formula to powers ofx ± iy, one quickly proceeds to the
following identity

zmz∗n = (x + iy)m(x − iy)n

=
m+n∑
j=0

xm+n−j yj (−i)j
j∑
k=0

m!n!

k!(j − k)!(m− k)!(n− j + k)! (−1)k. (B.2)

By comparison of the inner sum with the representation (B.1) of Jacobi polynomials, one
finds that it can be represented by them by choosingu = 0 for the argument and by choosing
α = m− j andβ = n− j . In this way, one obtains

zmz∗n =
m+n∑
j=0

(i2)jP (m−j,n−j)j (0)xm+n−j yj . (B.3)

In a fully analogous way, one finds its inversion

xmyn = (−i)n

2m+n

m+n∑
j=0

2jP (m−j,n−j)j (0)zm+n−j z∗j . (B.4)

The Jacobi polynomials, in particular, for zero argument possess many transformation
relations and one can give the relations (B.3) and (B.4) many slightly different forms but
the chosen form is one of the most symmetrical ones. The derivations of (B.3) and (B.4)
are simple if one only examines the Jacobi polynomials for a possible representation. It
appears that the resulting formulae do not exist in printed form since we cannot give any
reference for them, therefore, we consider here the derivation.

It is not possible to derive simple closed formulae for the result of the sums in the
Jacobi polynomials for zero argument and without specialization of the indices(j, α, β)

in P
(α,β)

j (0). From their meaning in (B.3), it is clear that 2jP
(m−j,n−j)
j (0) with j =
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0, 1, . . . , (m+ n) for given (m, n) are integers which vanish forj < 0 andj > m+ n. We
decomposed 2jP (m−j,n−j)j (0) for many fixed pairs(m, n) into prime numbers where for low
values of(m, n) and 06 j 6 m+n there irregularly appear high prime factors that makes a
simple formula for this sum impossible. The only values of the arguments where the sum in
the Jacobi polynomials can be generally evaluated in a closed way areu = ±1. In all other
cases one gets simple formulae for this sum if additional relations between the indices in the
Jacobi polynomials are considered and, seemingly, many interesting identities are unknown
up to now. Such a case is equal upper indices for zero argument and the corresponding
simplifications are given in (6.6). For equal upper indices, the Jacobi polynomials are related
to certain Gegenbauer polynomials and to associated Legendre polynomials [14]. Knowing
the relations (B.3) and (B.4), it becomes immediately clear that the Jacobi polynomials for
zero argumentP (m−j,n−j)j (0) should give simple closed expressions form = n because the
relations(zz∗)n = (x2+ y2)n can be expanded by using binomial formula.

We mention here that similar relations of the form (B.3) and (B.4) can be derived for
the relations between symmetrically ordered powers of the boson operators(a, a†) and of
the canonical operators(Q, P ) with the basic relations between these pairs of operators
given in (2.6) [29]. They are (S{. . .} means symmetrical ordering of content in braces)

S{ama† n} = 1

(
√

2h̄)m+n

m+n∑
j=0

(i2)jP (m−j,n−j)j (0)S{Qm+n−jP j }. (B.5)

and

S{QmPn} = (−i)n
(√

h̄

2

)m+n m+n∑
j=0

2jP (m−j,n−j)j (0)S{am+n−j a†j }. (B.6)

The composition of the two identities (B.3) and (B.4) or (B.5) and (B.6) leads to the
following identity for the Jacobi polynomials at zero argument checked by computer

1

2m+n

m+n∑
j=0

2j+kP (m−j,n−j)j (0)P (m+n−j−k,j−k)k (0) = δk,n. (B.7)

This identity can be used for the inversion of formulae of type (B.3) or (B.4).
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